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Abstract

We study information design in games where players choose from a continuum
of actions and have continuously differentiable payoffs. We show that an informa-
tion structure is optimal when the equilibrium it induces can also be implemented
in a principal-agent contracting problem. Building on this result, we character-
ize optimal information structures in symmetric linear-quadratic games. With
common values, targeted disclosure is robustly optimal across all priors. With
interdependent and normally distributed values, linear disclosure is uniquely op-
timal. We illustrate our findings with applications in venture capital, Bayesian

polarization, and price competition.
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1 Introduction

As advances in I'T infrastructure and artificial intelligence expand our capacity to collect,
process, and generate data, an increasing number of firms, regulators, and individuals
must decide which information to supply to strategically interacting agents. Which
information should investors receive to allocate capital most efficiently? Which demand
signals should be disclosed to improve market outcomes? What are the limits of Bayesian
polarization? We show that these and related questions can be tractably addressed
within a single framework, and that the optimal policies are simple, intuitive, and robust.

Our main analysis focuses on concave games of incomplete information, i.e., games
in which each player’s action lies in a convex set and each player’s payoff is weakly
concave in that action, but our methods extend to any smooth game. Concave games
are a staple of applied economic modeling with fixed information structures, because
equilibria can be tractably characterized by first-order conditions. We show that the
same considerations render tractable the task of designing the information structure
itself.

To solve the information-design problem, we adopt a duality-based approach. The
dual can be viewed as an adversarial contracting problem between a principal and an
omniscient agent who both observes the state and controls all players’ actions. The
dual-certification theorem (Theorem 1) states that if a state-action distribution emerges
in equilibrium under both an information structure (in the information-design problem)
and a contract (in the adversarial-contracting problem), then that information structure
and that contract are optimal for their respective problems. The contract thus serves as
an optimality certificate. Furthermore, it is capable of certifying any optimal information
structure (Proposition 1), which enables us to establish whether the optimal information
structure is unique or, when several are optimal, to identify their common features.

We show that (certifiably) optimal information structures are prior-robust: once
optimal under one prior, they remain optimal under any other prior as long as the
implemented allocation rule’s support is contained within the original support in every

state (Proposition 2). This has two consequences. First, if an optimal information



structure is fully informative about the state, it remains optimal under all priors. Second,
unless the problem is trivial, an optimal information structure cannot induce a full-
support action distribution in every state, which argues against adding full-support,
extraneous, independent noise to individual signals.

We apply the solution method in two broad, symmetric settings with linear-quadratic
payoffs for both the players and the designer. In each case, the certifying contract is
symmetric across players and affine in actions, yet it yields qualitatively different optimal
information policies.

In the first setting, the state is one-dimensional (Section 5). We derive the parameters
of the certifying contract and use them to establish the optimality of a novel information
structure we term targeted disclosure: it fully reveals the state to a subset of players
while leaving the rest completely uninformed. This structure is remarkably simple and
distributionally robust—it remains optimal under any prior. In addition, when the state
is normally distributed, Gaussian coupling, which adds normal noise to each player’s
signal that cancels out in aggregate, is optimal as well.

In the second setting, the state is multidimensional with jointly normal components
(Section 6). We show that a certifying contract can be found within the class of sym-
metric affine contracts by solving a single-variable minimization problem. This contract
certifies the unique optimality of linear disclosure: an information structure that gives
each player some linear statistic of the state. The resulting information structure is
noise-free and symmetric ex ante.

In Section 8, we illustrate these results in three concrete applications. In Section 8.1,
we analyze optimal capital fundraising when several investors independently choose how
much to invest in a project of uncertain quality. We show that the information structure
that maximizes the project’s expected return is exclusive disclosure, a targeted disclosure
in which only one investor is informed. Relative to full or no disclosure, exclusive dis-
closure prevents the dissipation of returns as the investor pool grows, offering a possible
rationale for a common venture-capital practice.

In Section 8.2, we examine the limits of Bayesian polarization when each player



forms a forecast from private information. We show that the information structure that
maximizes a natural polarization index is a targeted disclosure that informs exactly half
of the players. Hence, maximal polarization occurs when the population splits into two
cohorts that are internally uniform but sharply divergent from each other. This finding
underscores how media segregation can intensify societal polarization.

In Section 8.3, we study optimal price recommendations in a differentiated-product
duopoly with linear demand and stochastic demand shocks. We characterize the informa-
tion structures that maximize any weighted average of consumer and producer surplus.
The resulting recommended prices are linear functions of the demand shocks and exhibit
discontinuous regime changes with respect to the weight on consumer surplus. This ob-
servation underscores the risk that algorithms generating price recommendations—able
to shift objectives and adapt policies far faster than human decision-makers—can desta-

bilize markets.

Related Literature Our paper contributes to the recent and flourishing literature on
information design. Much of this literature focuses on information design with a single
player, called Bayesian persuasion (Rayo and Segal (2010), Kamenica and Gentzkow
(2011)). Popular solution methods are belief based, i.e., they operate within the space
of the receiver’s belief distributions.! A natural continuation of this research agenda is a
study of information design in multiplayer games (Bergemann and Morris (2016), Taneva
(2019)). In games, players’ beliefs constitute infinite hierarchies, which renders the belief-
based approach less tractable (Mathevet, Perego, and Taneva (2020)). Instead, in games,

an action-based approach rooted in the revelation principle is promising, as it frames

1See, for example, Dworczak and Martini (2019), Dizdar and Kovaé (2020), and Dworczak and
Kolotilin (2024). The single-player case also covers scenarios in which there are many players but the
information is required to be public.



the design problem as a linear program and enables the use of duality machinery.?3

Galperti and Perego (2018) and Galperti, Levkun, and Perego (2024) employ this
action-based approach to study information design in games with finitely many actions,
imposing minimal structure on payoffs. They develop an economic interpretation of the
Lagrange multipliers associated with Bayes’ plausibility as the value of data records and
propose the idea of pooling externalities across records; all these observations apply to
our setting.

In contrast, we study games with infinitely many actions and impose a concavity
structure on payoffs, thus enabling us to rely on a first-order approach for incentives
(Holmstrom (1979), Mirrlees (1999)) that leads to more succinct and tractable primal
and dual problems. This approach was introduced in a Bayesian persuasion setting by
Kolotilin (2012, 2018) and further refined by Kolotilin, Corrao, and Wolitzky (2025).
These papers study an information-design problem with a single player and a one-
dimensional state, identifying when censorship or, respectively, assortative disclosures
are optimal. We deepen and extend this approach, adapting it to settings with multiple
players and a multidimensional state.

Most of our current understanding of optimal information in games is drawn from the
study of Gaussian signals in games with quadratic payoffs and a normally distributed
state (e.g., Angeletos and Pavan (2007, 2009), Bergemann and Morris (2013), Berge-
mann, Heumann, and Morris (2015, 2021), Ui (2020)). In that literature, as well as in a
vast body of work in macroeconomics and finance, the Gaussian form of players’ signals
is imposed ad hoc for analytical convenience.

Recent arguments suggest that Gaussian signals are not only convenient but often

optimal among all information structures. For example, Tamura (2012, 2018) estab-

2The duality methodology is routinely used in many disciplines to solve optimization problems.
In mechanism design, duality methods have been recently used to study optimal delegation (Amador,
Werning, and Angeletos (2006); Amador and Bagwell (2013)), matching (Chiappori, Salanié, and Weiss
(2017); Galichon and Salanié (2022)), robust selling mechanisms (Carroll (2017); Du (2018); Brooks
and Du (2021)), mediation (Salamanca (2021), Ortner, Sugaya, and Wolitzky (2024)), and limited
commitment (Lin and Liu (2024)) among others. For a unified treatment, see Vohra (2011).

3 Alternatively, one can develop original arguments tailored to the studied problem; see, for example,
Arieli and Babichenko (2019), Chan, Gupta, Li, and Wang (2019), Elliott, Galeotti, Koh, and Li (2022),
Arieli, Babichenko, and Sandomirskiy (2023), and Candogan and Strack (2023).



lished the optimality of a Gaussian signal in a setting with a single player by building
on the statistical properties of a covariance matrix of posterior expectations. Berge-
mann, Heumann, and Morris (2017) and Miyashita and Ui (2023) extend this argument
to games.?* Our results align with these findings and show that in many scenarios the
optimal Gaussian structures are symmetric and noise-free; moreover, the certification
method allows direct identification of the optimal informational parameters. Further-
more, we provide tools that establish when Gaussian information structures are uniquely
optimal.

At the same time, we show that in many settings targeted disclosure is optimal. These
information structures are simple to implement and distributionally robust, offering a
strong positive message for the information design literature, where existing solutions

often lack these properties.

2 Design Problem

We study a standard information design problem as presented by Bergemann and Morris

(2016), extended to accommodate a continuum of players’ actions.

Payoffs There are N players indexed by 7, 1 < N < 0o, and an information designer.
Each player chooses an action a; € A; = R. We denote an action profile by a € A = x;A;
and write (a;, a_;) when highlighting player ¢’s action.

A state w is distributed over a Polish set (2, according to a full-support prior py €

A(£2). The action profile and the state jointly determine payoffs through

UZ'IAXQ—)R, (1)
v:AX 2 =R, (2)

for each player i and for the designer, respectively. The tuple ((A;, u;)Y ,, o) constitutes

4In their Section 4.4, Bergemann et al. (2017) argue that Gaussian structures, possibly asymmetric
and with extraneous noise, span all implementable covariance matrices of equilibrium actions.



the basic game.

Information The players and the designer start with a commonly known prior belief
about the state w that coincides with the prior p. The designer can provide additional
information to players by choosing an information structure Z = (S, ) that consists of
a measurable signal set S = x;5; and a likelihood function 7 € A(S x §2) that has i as
its state marginal distribution. This information structure determines the sets of private
signals the players can observe and, through the likelihood function, their informational
content.

First, the designer chooses an information structure Z. Second, the state w and the
signal profile s are realized according to Z. Finally, each player privately observes his
signal s; and chooses an action a;.

We will regularly refer to two benchmark information structures: full disclosure, with

S; = £2 and s; = w for all 4; and no disclosure, with |S;| = 1 for all 4.

Equilibrium The basic game together with the information structure chosen by the
designer determine a Bayesian game of incomplete information. In that game, each
player’s behavior is described by a strategy that maps any received signal to a possibly
random action, o; : S; — A(A;), and we consider as an equilibrium concept a Bayes

Nash equilibrium:

Definition 1. (Bayes Nash Equilibrium) For a given information structure Z, a strategy

profile o = (01, ...,0N) constitutes a Bayes Nash equilibrium if
E7 o0 [wi(ai, a i, w)] > Bz o 5 [ui(aj, a_i,w)] (3)

for all i and o) : S; — A(A;).5

An information structure and a strategy profile determine a distribution over the ac-

tion profiles in each state o : 2 — A(A), which we call an allocation rule, and the corre-

"We write Ez,,, ,[-] for the expectation under information structure Z and strategy profile
(0i,0—;). Throughout the paper an integral is left undefined whenever the integrand is not integrable
with respect to the relevant measure.



sponding designer’s expected payoff Ez ,[v(a,w)]. The value of an information structure
is defined as the maximal designer’s expected payoff that can arise in equilibrium of the
induced game: if the game has multiple equilibria, the designer can choose the one she
prefers, whereas if no equilibrium exists, the value is undefined. An information-design
problem consists of finding an information structure with a maximal value without plac-
ing any additional restrictions on the sets of signals or the likelihood function, apart from
a mild “admissibility” condition. (This condition, and other omitted formal details, are

deferred to Appendix A.)

Definition 2. (Optimal Information Structure) An information structure is optimal if

there does not exist an information structure with a strictly higher value.

The search for an optimal information structure is complicated by the scale of the
basic game: multiple players, after receiving private signals, choose actions from a con-
tinuum while anticipating one another’s behavior. Our central simplifying assumption

is:

Assumption 1. (Concave Payoffs) For all i = 1,...,N, w € 2, and a_; € A_;,
wi(a;, a_;,w) is continuously differentiable in a;, weakly concave in a;, and obtains its

mazimum at some finite value.

We call a basic game in which Assumption 1 is satisfied a concave game® In a
concave game, for any player ¢ and equilibrium belief € A(A_; x £2) about the others’

actions and the state, a best response a; exists and satisfies the first-order condition:

0

aiai =E, [uz(az ) a—ww)] 0, (4)

— ey K
a;=a;j

E, [ui(ai, as,w)]

0
=E, [awui(ai, a_;, w)]

where we denote the player’s marginal payoff function by

) 2 2000

6This notion of a concave game is related to but distinct from the notion of a concave game of Rosen
(1965). In particular, it requires neither differentiability nor continuity of a player’s payoff in the other
players’ actions or the state.



An equilibrium under any given information structure is characterized by a system of
such conditions, one for each player’s signal.

The information-design problem can be simplified by appealing to the revelation
principle (Myerson (1982)): it is without loss of generality to focus on direct information
structures that inform each player about a recommended action S = A and are such
that all players are obedient, i.e., are willing to follow the recommendations. Each direct
information structure corresponds to a measure 7 € A(A x §2), and the information-

design problem can be formulated as a constrained maximization over these measures:

VP& sup v(a,w)dm (5)
TEA(AX Q) JAXQ
s.t. tj(a,w)dTr =0 Vi=1,..., N, measurable A, C A;, (6)
AlXA_;x$2
/ dr = / dpg  Vmeasurable 2 C (2. (7)
AxQ o

Constraints (6) are a proper formulation of first-order conditions (4) in light of a contin-
uum of recommended actions. These constraints capture players’ obedience and effec-
tively require that for each player ¢, the marginal of 7 on A; weighted by the marginal
utilities equals zero measure. Constraints (7) capture Bayes’ plausibility and, likewise,

require that the marginal of 7 on (2 equals the prior py.

3 Solution Method

Problem (5-7) is linear in 7, yet unwieldy to solve directly. In the spirit of linear
programming, we view it as a primal problem and call any 7 € A(A x 2) a primal
measure. If a primal measure satisfies the constraints of the primal problem, then we

call that measure implementable by information. We can construct a dual problem as



follows (e.g., Anderson and Nash (1987)):

D & .
Ve = )\exiM(zlélI})f,'yeM(Q) /rﬂ(w)duo (8)

s.t. %)\i(ai)ui(a,w) +y(w) > v(a,w) Ya € A,w € 12,
i=1

where M(X') denotes the space of measurable real-valued functions on X. The minimiza-
tion arguments, the dual variables (), ), represent the Lagrange multipliers associated
with the primal incentive constraints (6) and the feasibility constraints (7), respectively.

The problem (8) is a generalization of the dual problem of Kolotilin (2018) and
Kolotilin et al. (2025) to multiple players. By the arguments analogous to those of
Galperti et al. (2024), the optimal v*(w) measures the marginal benefit of increasing the
frequency of state w. Importantly, the optimal v*(w) can be solved away: the objective
in (8) is additively separable in 7(w), and the constraints at different states w are linked

only through the variables A. Hence, for any A and w, the optimal choice of v(w) is the

smallest value consistent with the dual constraints:

7 (w; A) = supw(a,w, A),
a€A

where the dual payoff function w is defined as

w(a,w,\) £ v(a,w) = > N(a;)i(a,w). 9)

i=1
As a result, the problem (8) can be restated as follows:

P= inf R A)]. 1
Vo= o Ebupw(a,w, V)] (10)

Problem (10) admits a simple economic interpretation as a contracting problem be-
tween a dual principal and a dual agent. First, the principal chooses an incentive contract
A that consists of N functions \;(a;) and determines the agent’s payoff according to (9).

Second, the state w is realized. Finally, the agent perfectly observes the state and chooses



the whole action profile a € A to maximize his payoff. The contracting is adversarial in
that the principal aims to minimize the agent’s expected payoff.

If the best responses exist at all states and induce the joint action-state measure
m(a,w), then we say that A implements m by incentives and that m is implementable by

incentives, by contract \.

Theorem 1. (Weak Duality. Dual Certification) If m € A(A x (2) is implementable
by information and is implementable by incentives by contract A, then (i) m solves the

information-design problem, (ii) X solves the adversarial-contracting problem, and (iii)

VP —vP,

Theorem 1 offers a solution method based on optimality certification. When the con-
ditions of the theorem hold, we say that A is a (dual) certificate of 7, that \ certifies the
optimality of 7, and that 7 is certifiably optimal. Similarly, if an information structure
induces a certifiably optimal measure, then we call that information structure certifiably
optimal.

We highlight two general properties of certificates. First, every certificate \* has a
clear economic meaning: it represents Lagrange multipliers associated with the obedience
constraints (6). Accordingly, Af(a;) measures the marginal value for the information
designer from perturbing the obedience constraint of action a;. Second, each certificate

is “universal”:

Proposition 1. (Universality) If \ certifies the optimality of measure 7, and 7' is

another optimal measure, then X also certifies the optimality of measure 7'.

By Proposition 1, a certificate does more than certify a single information structure—
it constrains the entire set of optima. Every optimal measure must be certified by the
same certificate; equivalently, it must be the dual agent’s best response to the same
contract in the dual problem. We exploit this property in Section 5, where multiple
optima exist, to isolate their common features, and in Section 6 to show that the optimal

measure is unique.

10



The difference VP — VT between the optimal values of primal and dual problems
is nonnegative and constitutes a duality gap. The solution to the information-design
problem can be certified if and only if (i) solutions to both primal and dual problems
exist and (ii) the duality gap is equal to zero, VP = VP. Thus, either all optimal
information structures can be certified or none of them can.

Any constructed certificate, by its very existence, proves that the duality gap is zero
and that both primal and dual solutions exist. However, it may be useful to know a

priori whether one can expect to find such a certificate in a given problem.

Claim 1. (Strong Duality) If each A; and {2 are compact, and v and each t; are con-

tinuous on 2 x A, then VP =V7F,

Claim 1 follows from standard Fenchel-Rockafellar arguments. We record the result
mainly as a benchmark, suggesting that strong duality is to be expected in regular
environments. Many applications below feature noncompact action spaces. In those
environments, a general strong-duality theorem would require additional coercivity and
integrability assumptions to rule out mass escaping to infinity and to ensure that the
dual certificates remain well behaved. Rather than impose such conditions abstractly,
in the applications below we verify strong duality constructively by exhibiting explicit

certificates.

4 Robustness of Optimal Information Structures

By Theorem 1, an allocation rule induced by a certifiably optimal information structure
must be chosen freely by a fully informed dual agent. This observation has two conse-
quences. First, the prior is irrelevant for the implementability of an allocation rule by
incentives since the prescribed action profiles must be optimal state-by-state. Second, if
the optimal allocation rule randomizes over several action profiles at a given state, the
dual agent must be indifferent among those profiles and could therefore randomize over
them with any probabilities. Hence, only the support of the action profiles matters for

implementability by incentives:

11



Proposition 2. (Robustness) Let two concave information-design problems differ only
in their priors, if at all. Let my € A(A X §2) be certifiably optimal in the first problem.
If 1o € A(A X £2) is implementable by information in the second problem and supp ma(- |

w) Csupp (- |w) for allw € §2, then my is certifiably optimal in the second problem.

Proposition 2 shows that certifiably optimal information structures are, to some
extent, prior-robust: once optimal under one prior, an information structure remains
optimal under any other prior, provided it still implements an allocation rule whose
support is no larger in every state. It is specific to our setting, which features a continuum
of actions and thus more flexible players’ best responses, and does not hold in generic
games with finitely many actions (cf. Kamenica and Gentzkow (2011)).

Generally, the larger the support is, the easier it is to construct multiple informa-
tion structures that implement allocation rules within that support. In the extreme
case, if the action support covers the whole action space, then the support condition of

Proposition 2 has no bite, and any information structure can be certified to be optimal.

Corollary 1. (Full-Support Noise) If measure m € A(A x §2) is certifiably optimal and

supp (- |w) = A for all w € §2, then any information structure is certifiably optimal.

Corollary 1 presents a case against using extraneous noises that induce full-support
action profiles in concave games with finitely many players. The information structures
that employ such noises can never be certifiably optimal, except in trivial cases in which
the designer’s expected payoff is invariant to the information provided. This finding
resonates with the analysis of Taneva (2019), who studied a two-player binary setting
and showed that sending conditionally independent signals is never strictly optimal, as
well as with the analysis of Candogan and Strack (2023), who established optimality
of partitional signals in a class of games. However, such extraneous independent noises
may optimally appear in the limit information structure as the number of players grows
to infinity, as we discuss in Section 7.

Furthermore, Proposition 2 enables us to assess the optimality of full state trans-

parency. We call an information structure fully informative about the state if each player

12



can deduce the state with certainty from her private signal. There could be many such
structures, each differing in the state-by-state coordination of players’ actions, including
full disclosure. However, any such structure can implement the same allocation rule

under all priors.

Corollary 2. (Full State Information) If a certifiably optimal information structure is

fully informative about the state, then it is certifiably optimal under all priors.

Corollary 2 shows that, once full disclosure is optimal, it is extremely robust: it

remains optimal under any prior (cf. Jehiel (2015)).

5 Linear-Quadratic Games: Common Value

The certification approach developed in the previous section applies to any concave
game (see Online Appendix C) and, more generally, to any smooth game (Section 7).
In this section, we demonstrate the approach in symmetric linear-quadratic games with
a common state. We first develop general results and then illustrate them through two
applications: capital fundraising and expectation polarization.

We define a linear quadratic symmetric game with a common state as a game with

{2 C R, and the following payoff structure:

1 C
ui(a,w) = (w+by)a; + i(qo — qﬁ)af + ¢“a;a + fr(a_;,w), (11)
v(a,w) = (hw + by)a + p°a + p°a® + fo(w), (12)

where @ £ >ia;/N, a = ; a? /N, f1 and fy are arbitrary functions of the indicated

arguments, h > 0, and ¢°, ¢%, p°, p° satisfy the concavity conditions:

¢° <0, ¢°+q° <0, (13)

¢°p° > p°q". (14)
Condition (13) ensures that u; is strictly concave in a; for all N > 1, whereas condition

13



(14) ensures concavity of the dual payoff under conjectured certificates. This game is
strategically equivalent to, and thus admits the same solution as, a simpler normalized

game, in which E[w] = 0,

1 C
u;i(a,w) = wa; + §(q° — qﬁ)a? + q¢“a;a,

v(a,w) = (hw + b)a + p°a + p°a’,

where h, ¢°, ¢¢, p°, p© are as in the original game and b = hE[w] + by — 2(E[w] + b1 ) (p° +
p°)/(q° + q°). Therefore, we can focus on an analysis of the normalized game.

To find optimality certificates, observe that the players’ marginal payoffs are linear:
i(a,w) = w+ ¢°a; + ¢a, (15)
and the dual payoff function takes the form
N
w(a,w,\) = (hw +b)a+ p’a+pa — > N(a;)(w + ¢°a; + ¢“a). (16)

i=1

Given the linear-quadratic nature of the environment, we conjecture that an optimal
allocation rule is linear in the state. Because the allocation rule must be a best response
given the dual payoff (16), it is natural to posit a certificate that is affine and symmetric

across players:

&mgz—;@@+%y (17)

With this certificate, the dual payoff function becomes
w(a,w, r,z0) = row + ((h + 2)w + b + 20(¢° + ¢°))a + (p° + z¢°)a> + (p° + ¢°z)a.

If the coefficient in front of @ is nonzero, p°® 4+ ¢°x # 0, then the dual best-response is
uniquely defined, linear in state, and symmetric across players; thus, such x could certify

only the optimality of full disclosure or no disclosure. To certify the optimality of partial

14



disclosure, we must have

LD
r =——
qO
w(a,w, ", x9) = Tow + (( - Z}) w+b+xo(q°+qc)> a+ <pc - qu) a’.

With this choice of x, the dual payoff function is a function solely of the average action
a. Because of (15) and E[w] = 0, any incentive compatible expected average action must

equal to 0; therefore we must have

. b
Ty=———,
0 qO + qC
@t (w) = po_—hqow (18)
2(pcqo _ poqc)

Any allocation rule that results in this average action is implementable by incentives by
the affine contract (17). By Theorem 1, if the same allocation rule can be implemented
by information, then that allocation rule is optimal.” A natural way to implement such

a linear average action is to fully inform a subset of players:

Definition 3. (Targeted Disclosure) For k € {0,1,..., N}, a k-targeted disclosure is
an information structure that fully reveals the state to k players while providing no

information to others.

A 0-targeted disclosure is no disclosure and N-targeted disclosure is full disclosure.
Under a k-targeted disclosure, there exists an equilibrium where each uninformed player

plays aP = 0, whereas each informed player plays

N

I
a; (W) = ———=w,
@)= oy

"This observation resonates with the research on robust information design in regime change games,
such as Inostroza and Pavan (2025) and Morris, Oyama, and Takahashi (2024), which is fundamentally
concerned with multiple informational implementations of the same aggregate behavior.

15



resulting in the average action

k?w k

=——w. 19
qckr+q0Nw (19)

Theorem 2. (Optimality of Targeted Disclosure) In a normalized linear-quadratic sym-

metric game with a common state, if

qo<hqo _ po)
ke & N 20
¢°(2p° — hq®) — p°q° (20)
is in {0,1,..., N}, then k*-targeted disclosure is optimal. If k* ¢ [0, N|,% then either (i)
p° < hq?, in which case no disclosure is optimal, or (i) (hq°—p°)(q°+q°) > 2(p°¢°—p°q°),
in which case full disclosure is optimal.

Proof. If kisin {0,1,..., N}, then by Theorem 1, comparing (18) and (19), a k-targeted

disclosure is optimal if

k _ p’—hq°
qck + qu 2(pcqo _ poqc)
q¢°(hg® —p°)

s k=

q°(2p¢ — hq®) — p°q°

If k& ¢ [0,N], then given the conditions (13), either (i) or (ii) holds.” In case of
(i), the optimality of no disclosure can be certified by an affine contract with (x, zq) =
(—h,=b/(¢° + ¢°)). In case of (ii), the optimality of full disclosure can be certified by
an affine contract with (z,z) = (h —2(p° +p°)/(¢° + ¢°), —b/(¢° + ¢°)). (See Appendix
A.3 for details.) O

Theorem 2 highlights the importance of targeted disclosure in linear-quadratic games
with a common state. First, if & ¢ (0, N), then either O-targeted disclosure or N-
targeted disclosure is optimal. Second, if £* is in {0,1,..., N}, then k*-targeted disclo-

sure is exactly optimal, and the parameter space that yields it spans a wide range of

8This includes the case when the denominator in (20) is zero.

9Note that conditions (i) and (ii) are not equivalent to k* < 0 and k* > N. Examples exist in which
full disclosure is optimal even when £* < 0, and others in which no disclosure is optimal even when
k* > N.
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economically relevant settings. Third, if £* € (0, N) but is not an integer, a [k*|-targeted
disclosure is asymptotically optimal. Indeed, the affine contract above provides, by weak
duality, an upper bound on the designer’s value, and under any obedient allocation the
contract term has expectation zero. Under this contract, the dual payoff depends only
on the average action and is maximized at (18). Because the average action induced
by k-targeted disclosure depends continuously on k/N, and [k*]/N — k* /N, the payoff
under [k*]-targeted disclosure converges to the optimum as N grows.

The optimality of targeted disclosure is notable for three reasons. First, when k* €
[1, N—1], the policy is asymmetric even though the underlying environment is symmetric.
Second, because the argument never relies on the prior, the same targeted-disclosure
policy is optimal for all priors (cf. Proposition 2). Third, the policy is remarkably simple
to implement. The latter two properties highlight the exceptional practical applicability
of targeted disclosure.

At the same time, optimal information structures need not be unique. When targeted
disclosure is optimal, the designer is free to choose which players receive information.
That choice leaves aggregate equilibrium outcomes unchanged but shifts surplus among
players. For example, an ex-ante symmetric variant of k*-targeted disclosure first pub-
licly draws a random subset of £* players and then applies k*-targeted disclosure to that
subset. Furthermore, qualitatively distinct information structures can also be optimal,
specifically when the state is normally distributed.

For the rest of this section, assume N > 2.

Definition 4. (Gaussian Coupling) For 8 € R and 0 > 0, a (3, 0?)—Gaussian coupling

is an information structure such that for all i and w,

1
si:ﬁw—i—gi—ngj,
J#i

where each noise term e; ~ N(0,0?) is independent from w and e; for j # i.

A Gaussian coupling distorts the state by adding Gaussian noise to each player’s sig-

nal, with the individual noises coupled in such a way that they vanish upon aggregation—
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so that the sum of all signals is a deterministic function of the state w. When g # 0,
knowledge of all signals perfectly reveals the state. However, observing only s; pro-
vides imperfect information about the state; in this sense, a Gaussian coupling splits
the complete state information across players. When the state is normally distributed, a
Gaussian coupling corresponds to a Gaussian information structure—that is, the signals

and the state are jointly normally distributed.

Theorem 3. (Optimality of Gaussian Coupling) In a normalized linear-quadratic sym-
metric game with a common state, if w ~ N(0,02) and k* as defined in (20) lies in

(0, N),'° then a (8,0%)— Gaussian coupling is optimal, where

B po _ hqo
p= 2(p°q° — p°q°)’ 21
02:N_1ﬁ<1+<qc+qo>ﬁ)a2‘ (22)

N —q° “
In the optimal equilibrium, a; = s;.
Proof. Consider (3, 0%)—Gaussian coupling with (3,0?) as defined by (21) and (22). If
each player plays a; = s;, then a(w) = fw = @*(w), as defined in (18). By Theorem 1,
if @; = s; is incentive-compatible and ¢ > 0, then the (3, 0?)—Gaussian coupling is
optimal.

To show incentive compatibility, observe that w+q¢°a;+q“@ and a; are jointly normally

distributed. Therefore, the incentive compatibility is equivalent to

E[(w + ¢°a; + ¢“@)a;] = 0,
E[(w + ¢°a; + ¢°fw)a;] = 0,

1
(1+¢°B)Ba2 + ¢° (6202 + 0% + . 102) =0,

which, after rearrangement, is equivalent to (22).
Finally, it is straightforward to verify that if k* € (0, N), then % > 0; see Appendix
A3 for details. O

OBy Theorem 2, if k* ¢ (0, N), then either full disclosure or no disclosure is optimal.
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Theorem 3 highlights an alternative way of providing information optimally—Dby
carefully coupling the players’ individual noises. In the case of a normally distributed
state, this information structure comes closest to the existing Gaussian information
design literature (e.g., Angeletos and Pavan (2007, 2009), Bergemann and Morris (2013),
Bergemann, Heumann, and Morris (2015, 2021), Ui (2020)). However, the optimality of
a Gaussian coupling depends crucially on the prior’s Gaussian form, making this solution
less robust than targeted disclosure. Accordingly, in the applications that are presented
in Section 8.1 and Section 8.2, we focus on optimal targeted disclosure. Nonetheless, we
encourage the reader to bear in mind the fact that if the state is normally distributed in

those applications, then providing information via a Gaussian coupling is also optimal.

6 Linear-Quadratic Games: Interdependent Values

In this section, we apply the certification approach to strategic environments with in-
terdependent values and thus with a multidimensional state. For tractability, we focus
on jointly normally distributed state components. As in the previous section, we first
present general results and then illustrate them with an economic application: informing
competitive pricing.

Formally, we study symmetric games with w ~ N(ul,0?M(1,p)), where M(z,y)
denotes the N x N matrix whose diagonal entries equal x and off-diagonal entries equal

y,and p € (—1/(N —1),1). The players’ payoffs are

ui(a, w) = (wip’® +@_ip° + by)a; + (12 a; + q°aa_; + fi(a—i, w), (23)
N N

v(a,w) = Z(wzp + by)a; + Zsza] <+ Z Z a;a;)q° + fa(w), (24)
i=1 i=1 j#1¢ = i=1 j#i

where &_; £ Dt Wiy (g = >+ @5, fi and fy are arbitrary functions of the indicated

arguments, and ¢°, ¢¢, p°, p%, ¢°, ¢¢, p°, p¢ are commonly known parameters that satisfy
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the concavity and “genericity” conditions:

¢°—q¢°<0, ¢+ (N—-1)¢ <0, p°> [p,
°q # q°q°,
(¢° = q)@° —p°) #(¢° = q°)(p° — p°),

(¢” + (N =1g")(p° + (N = 1)p°) # (¢° + (N = 1)¢")(p” + (N — 1)p°).

Condition (25) ensures that w; is strictly concave in a; for all N > 1, whereas other
conditions avoid knife-edge cases (e.g., division by zero).
This game is strategically equivalent to—and thus admits the same solution as—a

simpler normalized game, in which w ~ N (0, M (1, p)),

o

wila,w) = (wip® + o_p)ai + La? + ¢easa_s,

2
N
v(a,w) = (wip® + b)a; + Zszajp + Z )q° + ZZ(LMJ ,
i=1 1=1 j#i i=1 j#i

and where ¢°, ¢¢, p°, p°, ¢°, ¢, p°, p¢ are the same as in the original game. Therefore,
we can focus on the analysis of the normalized game.

Given the greater complexity of the present setting, we proceed slightly differently
from the previous section. We still rely on affine contracts for certification; however,
instead of calculating the optimal contract parameters in closed form, we invoke an
envelope theorem. We show that an optimal symmetric affine contract implements an
obedient allocation rule, thereby certifying both its global optimality in the dual problem
and the optimality of the corresponding measure in the primal problem.

Formally, observe that the players’ marginal payoffs are linear:

w;(a, w) = wip® + 0_ip° + ¢°a; + ¢“a_, (29)
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and the dual payoff function is

N
w(a,w,\) = v(a,w) — Z Ai(@) (wip” + W + ¢°a; + q“a_y). (30)

=1

Given the linear-quadratic nature of the environment, we conjecture that an optimal
allocation rule is linear in the state. As this allocation rule must be a best-response given

the dual payoff (30), we posit a certificate that is affine and symmetric across players:
With this certificate, the dual payoff function can be written as

w(a,w, z,20) ~ w! M(p° + x2p°, p¢ + 2p)a + o M(§° + 2¢°, §° + 2q¢°)a

+ (b4 20(¢” + (N — 1)¢%))a,

where we omitted an action-independent term zo(p® + (N — 1)p°) =N | w;. Because of

(29) and E[w] = 0, any incentive-compatible expected individual action must equal zero,

and therefore we conjecture that the coefficient in front of @ equals zero and thus

b
@+ (N —1)¢¢’

wla,w,z,15) ~ w! M(° + xp°, p° + xpa + a” M(§° + x¢°, §° + 2q%)a

*

.TOZ

~w"M(p°(x),p°(x))a + a" M(q°(x),7°(x))a. (32)

where we defined
(z) 2 ¢+ z¢°, T(2) £ § + 2", (33)
P(x) £ 0%+ ap®, P°(x) 2 p° + ap”. (34)

For the optimal allocation rule a*(w) to maximize (32), M(q°(x),q°(x)) must be

negative semi-definite; otherwise, the value of the dual payoff diverges to +oc.
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Lemma 1. M(g°(x),q%(x)) is negative semi-definite if and only if

A qo_cjc (j"—l—(N— 1)66
T > T =max< — , — .
¢ —q¢ ¢+ N -1)¢

M(@°(z),q%(x)) is negative definite if and only if x > x.
If 2 > 2, M(q°(x),q°(z)) is negative definite, and the optimal best-response is

1

@’ (w,x) = =5 M (@(2),3(2)) M (" (), P* () - (35)

The resulting expected value of the dual payoff as a function of x is

W(z) £ Elw(a*(w, z), w, z,15)] (36)

1B [ M @), 5 @) M@ (@), T @M E @) T @] (37

Lemma 2. lim,|, W(z) = lim110 W(z) = 400, and min,>, W(x) exists.

By Lemma 2, the dual payoff admits a minimum at some z* > z. We show that this

x* certifies an optimal information structure.

Definition 5. (Linear Disclosure) For R = (ry,...,ry) € RV*N an R—linear disclo-

sure is an information structure such that for all v and w,

N
S; — riTw = Zri,jwj-
7j=1

A linear disclosure informs player ¢ about a linear statistic of the state with the
responsiveness weights ;. When N = 1, a linear disclosure corresponds to no disclosure
if = 0, and to full disclosure otherwise. When N > 2 and R has full rank, each signal
is imperfectly informative, yet the full signal profile perfectly reveals the state. In that
case, like a Gaussian coupling, a linear disclosure spreads complete state information
across players. When the state is normally distributed, a linear disclosure is a Gaussian

information structure.
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Theorem 4. (Optimality of Linear Disclosure) In a normalized symmetric linear-
quadratic Gaussian game with a multidimensional state, an R*-linear disclosure is opti-

mal, where

* 1 —1/—=0/ %\ =cC/ % —O0( ¥\ =—=C/[ %
R* = = MH(@°(«"), 7" («") ) M(p°(x"), P*(2")), (38)
and x* is any point in arg min, W (x). In the optimal equilibrium, a; = s;. The induced

measure m € A(A X (2) is uniquely optimal.

Proof. By Lemma 2, the dual payoff admits a minimum at some x* > z. Consider any
such z*. By (35), the dual best-response is a*(w, z*) = R*w; hence, this allocation rule
is implementable by incentives, by the contract \;(a;) = —(x*a; + x). The allocation

rule is symmetric in ¢ and linear in w. Recall that

N
W(z) = Efv(a*(w,2),w) + D _(2a; (w, 2) + 25)4(a" (w, 2), w)].
i=1
Since a*(w, x) is an interior maximizer and x is an interior minimizer of the dual payoff,

it follows by the Envelope Theorem that

aw
dx

= E [Z a;(w, ")t (a"(w,z%),w)| =0.

i=1

By symmetry in 4, it follows that for all i,
E [af (w, %) (0" (w, 27),w)] = 0. (39)

Because af(w,z*) is linear in w and the components of w are jointly normally dis-
tributed, af(w,z*) and ;(a*(w, x*),w) are also jointly normally distributed. Further-
more, E [4;(a*(w, 2%),w)] = 0, and, by (39), af(w,z*) and ;(a*(w, z*),w) are uncorre-

lated, and thus independent. Therefore, for all 7,
E [i;(a*(w, z%), w) | a5 (w, 27)] = 0. (40)
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Therefore, the allocation rule a*(w,z*) is implementable by information, by R*-linear
disclosure. By Theorem 1, the optimality follows.
Finally, as the dual agent’s best response to A(x*,z}) is unique, it follows from

Proposition 1 that the corresponding measure is uniquely optimal. O

Theorem 4 shows that an optimal information structure can be found within a sim-
ple class of symmetric noise-free Gaussian information structures (cf. Bergemann et al.
(2015)). Moreover, its parameters can be identified by solving a one-dimensional mini-
mization of W (z).

In contrast with the common-state setting of Section 5, the optimal measure is unique
here. Formally, in that setting the optimal certificate leaves the dual agent indifferent
among many action profiles, whereas in this interdependent-value environment it yields
a single best response. Conceptually, having one state component per player introduces

richer uncertainty, which in turn fully determines the optimal recommendations.

7 Extensions

Bounded Action Spaces We have assumed that action spaces are unbounded, to
avoid corner solutions and simplify the exposition. However, the certification approach
can be easily extended to games with upper and lower bounds on each player’s action
space, as demonstrated in Appendix B. The primal problem formulation remains the
same, except that the boundary first-order conditions must be inequalities rather than
equalities. The dual problem formulation is identical, with the added sign constraints

on the contract functions evaluated at the boundary actions.

Infinite Economies Our analysis considers games with a finite number of players. It
does not directly cover games with a continuum of players, as considered in the literature
on infinite economies, e.g., by Angeletos and Pavan (2007) and Bergemann and Morris
(2013), even though we anticipate that an analogous certification approach, suitably

extended, would work in those settings as well.
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Nonetheless, our analysis enables determining an optimal information structure in
a game with a fixed number of players and then examining its limit as the number of
players approaches infinity. Our results suggest that in many quadratic economies with
a normally distributed state, Gaussian information structures are certifiably optimal
and an optimal aggregate behavior is a deterministic function of a state. With a finite
number of players, the latter condition necessitates the designer to either not introduce
extraneous noise at all or to ensure that the noises are carefully coupled. With an infinite
number of players, this condition can be met by adding independent noises and relying
on the law of large numbers; the optimal aggregate behavior can be ensured by the large
population size rather than by noise correlation. However, our analysis suggests that
even in infinite economies, alternative information structures such as targeted disclosure

may also be optimal, and robustly so.

General Smooth Games The tractability of the certification approach in concave
games hinges on the capacity of first-order conditions to succinctly represent players’
incentives. In general smooth games, i.e., games in which each player’s payoff is contin-
uously differentiable in their own action, these first-order conditions may be insufficient,
as they can select a suboptimal local maximum or even a minimum in a player’s payoff.
However, they remain necessary, which enables a straightforward extension of our analy-
sis: in a smooth but not necessarily concave information-design problem, one constructs
a relaxed primal problem that features only first-order conditions. This problem can be
solved using the certification approach. In the final step, one verifies whether players
obey the recommendation of the information structure found. If so, this information

structure solves the original information-design problem.

8 Applications

In this section, we illustrate the developed machinery with three economic applications.!!

HFor a more detailed analysis, see the working version of the paper.
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8.1 Persuading Investors

An important question in securities regulation is how much disclosure should be required
from firms seeking capital (e.g., Carvajal, Rostek, and Sublet (2018)). Although many
factors matter, in this section we focus on two. On the benefit side, greater transparency
helps investors reduce risk and make better decisions; on the cost side, it intensifies
cream-skimming, as investors herd into the same projects and crowd out investment
gains.'? We characterize the optimal balance between these forces within our framework
and show that the resulting solution aligns with key venture-capital practices.
Formally, we consider an investment game in the spirit of Angeletos and Pavan (2007)
and Bergemann and Morris (2013). There are N > 2 investors, who simultaneously
decide how much to invest in a project, A; = R. The profitability of the project is
uncertain; it depends on the unknown project quality # € R and on the total amount of

investment @ = 3"V | a;. The ex post payoff of player i is
ui(a,0) = (0 —ra)a; — ca;, (41)

where r > 0 is the congestion parameter and ¢ > 0 is the opportunity cost of investment.
As r > 0, the project features decreasing returns to scale, i.e., its average profitability

decreases in the total investment. We can conveniently rewrite payoff (41) as
ui(a,w) =r(w—a)a;, (42)

where the state w € {2 is a normalized project quality defined as w = (8 — ¢)/r.
Given (42), for any belief € A(A_; x £2), the player i’s best response can be found

via the first-order condition to equal

it =5, |25, (13)

12This phenomenon parallels cream-skimming among competing contractors on online platforms,
which can likewise be mitigated through information design (Romanyuk and Smolin (2019)).
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where a_; = > j-i @j, so that the best response linearly increases in the normalized
quality expectation and linearly decreases in the expected amount of total investment
made by other players. The players’ actions are thus strategic substitutes.

The information designer has full control over the information regarding the project
quality and can privately convey it to each player, thereby persuading that player to
invest more or less. The designer aims to maximize the total profits generated by the

project with her ex post payoff being!3
v(a,w) = (w—ad)a; = (w—a)d = wa — a°. (44)

Investment Control If the designer could control the individual investment directly,
then she would set the total investment to respond to the state as a/?(w) = w/2. As we
later show, this first-best allocation rule cannot be implemented via pure information

control; however, it can be roughly approximated.

No Disclosure and Full Disclosure Two other natural benchmarks are the cases
of no disclosure and full disclosure. In these cases, the designer’s payoff can be easily

computed as:

no_ N 2

= et

o N 2

v 7(N+1)2(]E [w] + V[w]).

Comparing the designer’s payoffs across the two benchmarks shows that full disclo-
sure strictly dominates no disclosure. However, both information structures suffer from
a scaling problem: as the number of players goes to infinity, the designer’s payoff and
thus the total project profit converges to zero. In the limit, the individual rent as well
as the total profit are dissipated. We now show that this problem can be mitigated by

adopting an optimal information structure.

BBecause the expected investment and the expected investment costs are invariant to information,
this payoff also captures the objective of maximizing the total investor welfare.
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Optimal Information For any information structure, taking the ex-ante expectation
of both sides of (43), applying the law of iterated expectations, and summing across
players (cf. Bergemann et al. (2017)), we obtain that the expected total investment
remains constant at

N N ]E[Q] —C 1 JFB
R > §E[w] =E[a"" (w)].

Consequently, whenever E[w] > 0, information control can never achieve the full-control
benchmark. However, while the designer cannot affect the ex-ante total amount of
investment, she can direct investment toward more productive projects. An optimal

way to do so is:

Proposition 3. (Persuading Investment by Exclusivity) For any number of players, a

1-targeted disclosure is optimal.

Proof. The setting is an instance of the general setting (11-12) with h = N, ¢° = —1,
¢ =—N,p°=0, and p° = —N?2. The formula (20) for an optimal k* becomes:

o 4(he” —p°) __ —U=N-0) _ 1
q°(2p° — hq*) — p°q° —1(=2N?+N?)-0 N

N =1, (45)

and thus by Theorem 2, 1-targeted disclosure is optimal. O]

Proposition 3 shows that an optimal information structure takes a very simple form:
the designer designates a single player and provides him with exclusive and full access
to information. This player makes fully informed decisions. All other players invest
the same amount regardless of the project quality. The same information structure is
optimal for any number of investors, congestion and cost parameters, and project quality
distribution.

The optimal designer’s payoff equals
w N -1 w N -1 N 1
*— K - - " FE - " R — 7]E2 - )
’ Kw 2 (N +1) M) (2 TaN ) M)] RESVE
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As such, optimal information design avoids rent dissipation as the number of players
grows to infinity. The project’s total profit always stays above V|w]/4 and converges to
this level as N — oo. The limiting payoff increases with the variance of project quality:
under the optimal information structure, just as under full disclosure, riskier projects
generate higher realized profits even when their expected quality is the same.
Interestingly, this asymmetric treatment of investors mirrors common venture-capital
practice: firms cultivate close relationships with a small set of venture capitalists who
learn more about the firm than the broader pool of potential investors (e.g., Bernstein,
Giroud, and Townsend (2016)). Although several explanations could account for this
pattern, our results highlight its informational benefit: by creating a sharp information

asymmetry among investors, it curbs congestion and raises both investment profits and

investor welfare.

8.2 Polarizing Predictions

Numerous studies document societal polarization, with individuals reaching sharply di-
vergent views of the same issues (e.g., Alesina, Miano, and Stantcheva (2020)). Conven-
tional explanations stress behavioral biases or naiveté, yet recent evidence shows that
most people can reliably distinguish fake news from accurate reporting (Angelucci and
Prat (2024)). This tension prompts a sharper question: To what extent can polarization
arise among fully rational agents solely because they receive different information, and
which information structure generates the greatest polarization?

We address this question in a prediction game, in which multiple players try to

predict a common underlying state. The state is one-dimensional w € R and distributed

14The setting in this section can also be viewed as Cournot competition with linear production costs
and uncertain linear demand. In that interpretation, the rent dissipation under both the no-disclosure
and full-disclosure benchmarks parallels the zero-profit outcome of large competitive markets. Exclu-
sive disclosure then amounts to informing only a single firm about the demand state, and this policy
maximizes total producer surplus. The structure bears some resemblance to collusion that designates
one firm as a monopolist, but information control is weaker than direct production control, because
every firm still chooses a positive output even when uninformed. This perspective helps illuminate the
role of trade associations, which cannot engage in illegal collusion yet can manage information flows
(see, e.g., Kirby (1988); Vives (1990)).
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according to the prior pg. There are N > 2 players, each choosing a prediction a; €

A; = R. The ex post payoff to player 7 is
ui(a,w) = —(a; — w)?.

Because each player’s payoff depends only on his own prediction and the state, for any
given belief p € A(A_; x 2), player i’s best prediction is simply the posterior expectation
of the state:

at (1) = Eful.

We focus on the question of inducing maximal polarization of the players’ predictions

as measured by the pairwise squared sum:

v(a,w) = Yo — a;)°.
2Y)
Given the payoff, the designer benefits from sending private signals: any public informa-
tion structure, including full disclosure or no disclosure, leads the players to make the
same predictions and consequently minimizes the designer’s objective. An optimal infor-
mation structure, on the one hand, must provide some state information to move players’
predictions and, on the other hand, should heterogeneously obfuscate the information

to counteract truth drifting.

Proposition 4. (Polarizing by Segregation) Let the number of players N be even. Then,

an N/2-targeted disclosure is optimal.

Proof. The setting is an instance of the general setting (11-12) with h = 0, ¢° = —1,
q¢¢ =0, p° = 2N?, and p¢ = —2N?2. The formula (20) for an optimal k* becomes:

°(hq® — p° —1(—2N? N
o he” —p°) _ ( 2 ) v (46)
q°(2p° — hq®) — p°q° —1(—4N?) -0 2
and thus by Theorem 2, N/2-targeted disclosure is optimal. ]
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Proposition 4 shows that, irrespective of the prior, expectation polarization can be
achieved by a strikingly simple information structure that informs only half of the pop-
ulation.

This finding aligns with earlier work in information design. In a two-player, binary-
state model, Arieli et al. (2021) characterized the feasible joint belief distributions and
reached a parallel conclusion: to maximize polarization of posterior expectations, it is
optimal to inform one of the two players. Proposition 4 extends this insight to any
number of players and states. Arieli and Babichenko (2024) continue the study of polar-
ization of posterior beliefs. They show that for any even number of players, informing
half of them is optimal, because it achieves appropriate statistical bounds. Interest-
ingly, even though belief polarization and expectation polarization differ once the state
space is larger than binary, and the underlying arguments are not interchangeable, both
problems share the same optimal information structure.

These results contribute to the debate over the sources of societal polarization. Re-
cent studies show that political news consumption is sharply segregated, either because
it flows through endogenous peer networks (Bowen et al. (2023)) or because it is curated
by social-media algorithms (Braghieri et al. (2024)). As a result, different groups may
learn about different topics. This kind of segregation—learning about different topics,
rather than learning different facts about the same topic—can maximally polarize a

society.

8.3 Informing Competitive Pricing

The information design machinery is useful to understand and guide the design of digital
platforms and, more generally, of algorithmic information processing (e.g., Bergemann
and Bonatti (2024), Ichihashi and Smolin (2025)). In this section, we view the designer
as a platform that knows demand conditions better than firms do, thanks to a larger,
more recent sales dataset and superior analytics. The platform can privately convey this
information to each firm by granting it access to personalized data analysis or direct

price recommendations, thereby persuading the firm regarding its pricing decisions. The
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platform aims to maximize a weighted average of consumer and producer surplus. We
characterize the information structure such a designer would optimally design and the
resulting price behavior.

Formally, we consider a differentiated duopoly game in the spirit of Vives (1984) and
Gal-Or (1985).'5 There are two firms that operate in the market. Each firm sells a single
product and competes in price with its opponent, so action a; is the price set by firm 7.

Demand is ex ante symmetric across firms and is linear in prices and demand shocks:

Qi<a’7 w) =w; — a; +na_;, (47)

where w; captures an individual demand shock for firm ¢’s product and 7 is a cross-
price sensitivity that satisfies |n| € (0,1), so that —1 < n < 0 corresponds to the case
of complementary products, whereas 0 < 1 < 1 corresponds to the case of substitute
products.

The state is two-dimensional w = (w;,ws) € R? and comprises the individual demand
shocks. The shocks are independently and identically distributed according to a normal
distribution, w; ~ N(wp,0?).!® The firms do not know the state but can be informed
about it by the designer.

The firms have quadratic costs of production so that their profits are

ui(a,w) = a;igi(a,w) — cgi(a,w)*. (48)

The resulting ex post values of consumer surplus and producer surplus are

a?  a’
CS(a,w) = 5 + 52 — Naiaz — 1w — AaWs, (49)
PS(a,w) = ui(a,w) + uz(a,w). (50)

15This formalization complements that adopted by Elliott et al. (2022), who study information design
in unit-demand competition. Naturally, the details of their optimal information structures differ from
ours; however, their interpretation of information provision as market segmentation and their broader
discussion of how information shapes competitive outcomes can be applied in our setting.

16 As standard, this specification allows the prices and quantities to be negative.

32



The designer’s payoff is a convex combination of consumer and producer surpluses, with

d € [0, 1] representing the weight assigned to the consumer surplus:

v(a,w) =6CS(a,w)+ (1 —0)PS(a,w). (51)

The optimal designer’s choices in the extreme cases 6 = 1 and § = 0 correspond to
consumer-optimal and producer-optimal information structures, respectively, whereas
the choice in the case § = 1/2 corresponds to the socially efficient information structure.
As the welfare weight § spans the interval [0, 1], the corresponding solutions span the

Pareto frontier in the space of consumer and producer surpluses.

Price Control We begin the analysis by studying a hypothetical scenario in which
the designer can directly control the prices set by the firms. This scenario constitutes a
first-best benchmark; it provides an upper bound on the designer’s payoff and illustrates
the designer’s preferred pricing.

This problem admits a solution only if ¢ is not excessively high: there is a threshold
value § € (0, 1), such that if § > §, then the designer can arbitrarily increase her payoff
by setting arbitrarily large negative prices, because the monetary transfer to consumers
outweighs any allocation inefficiency. In contrast, if § < &, then the designer’s problem is
well-behaved; it is concave and admits a unique solution that can be found by first-order

conditions to (51):

FB(w) = rwai —|—7“wa_¢,

F

B and rI'B measure the optimal responsiveness of each firm’s price to its own de-

where 7

mand shock and to the shock of its competitor (explicit formulas appear in Section A.6).

No Disclosure and Full Disclosure The designer does not control prices directly
but rather indirectly through demand information she supplies to firms. Before deriving

the generally optimal policy, it is instructive to analyze two information benchmarks:
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no disclosure and full disclosure.
Under no disclosure, the firms’ beliefs stay at the prior, and the equilibrium prices

satisfy the first-order conditions derived from (48). In equilibrium, each firm sets a price
ND 1+ 2c

% = 2(1+c¢) —n(l+ 2c)w0'

Lacking demand information, firms fix their prices at a level proportional to the expected
demand.

In contrast, under full disclosure, the demand shocks are always commonly known.
In equilibrium, each firm responds linearly to the shocks perfectly anticipating the price

of its opponent:

2(1 142 1+ 2¢)?
aFP(w) = rFPuy; 4 1F Py, = (1+¢)(1+2c) w; n(1 + 2c) o
41+ ¢)? — n2(1 + 2¢)? 41+ ¢)? — n2(1 + 2¢)?

7

In a sense, this behavior enriches price-setting under no disclosure. If w; = ws = wy,
then prices are the same as those under no disclosure, al™®(wp,wp) = al¥P. If wy # wo,
then demand is asymmetric across firms, and prices are adjusted to reflect competitive
advantages. However, the prices average to the prices under no disclosure, E[a!"?(w)] =
ND

a;

Optimal Information The choice of any of the extreme information structures has
drawbacks. Providing no disclosure misses the opportunity to strengthen the link be-
tween demand and allocation and thus potentially limits efficiency. Providing full dis-
closure may exacerbate competition and dissipate firm profits. Instead, and as a direct
consequence of Theorem 4, the optimal information structure is partially informative

and takes a form of a linear disclosure.

Proposition 5. (Managing Competition by Linear Statistics) There is a parameter

5(77, ¢) such that if § # 3(77, ¢), an optimal direct information structure ezists, is unique,
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and recommends for some coefficients ag, v, and v} prices
a;(w) = ay + riw; + riw_;. (52)

The uniquely optimal direct information structure treats the firms symmetrically.
Under it, each firm can only infer a linear combination of the individual demand shocks,
and thus not able to infer whether the recommendation of a given price stems from
its own demand conditions or the conditions of its competitor. Generically, 7% # rI'P
and r* # r'P | so providing full disclosure is suboptimal; instead, each firm receives
personalized information that differs from its competitor’s. This finding suggests that
restricting disclosure to be public, as often done in the oligopoly literature on information
sharing (Vives (1990, 1999)), though natural in some contexts, may entail losses.

Proposition 5 enables the calculation of optimal information structures. It can be
shown that the optimal information structure may exhibit a discontinuous change with
respect to the consumer weight 6 at S(n,c), accompanied by a change in equilibrium
price volatility and correlations.!” Intuitively, the pricing induced under the optimal
information structure seeks to approximate its first-best counterpart under direct price
control. However, lacking the ability to enforce prices directly, the designer chooses an
information regime that better approximates it.

This observation yields two insights. First, patterns of price volatility and correla-
tions can serve as effective diagnostics for discerning which side of the market, consumers
or producers, the information structure is designed to favor. Second, even a slight shift
in the design objective can trigger a dramatic change in the information provision and
in resulting market behavior. This, in turn, can serve as a cautionary tale, underscoring
the potential for market instability introduced by algorithms, which may pursue shifting

objectives and adapt their policies more rapidly than human decision makers.

1"Formally, while the optimal certificate changes continuously for all § € (0,1), at § = 6 the certificate
allows a range of the dual agent’s best responses connecting one branch of best responses to another,
so that the implemented allocation rule displays a jump.
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9 Conclusion

In this paper, we introduced a certification approach to solving information-design prob-
lems in games and demonstrated its effectiveness and tractability in symmetric linear-
quadratic settings. In doing so, we provided theoretical justification for the use of
targeted disclosure, Gaussian coupling, and linear disclosure. Our findings shed light on
disclosure practices that guide investment, on the socially efficient control of information
in markets, and on the limits of Bayesian polarization.

Our analysis lays the groundwork and offers tools for studying information design
in general smooth games. We see at least three promising avenues for further research.
First, our theoretical framework could be applied to other important economic settings,
such as contests, public-good provision, and labor or financial markets. Second, one
could develop more general sufficient conditions for strong duality in non-compact set-
tings. Third, the framework could be expanded to incorporate elements like information
elicitation, information spillovers across players, and dynamic interaction. We expect all

of these extensions to be feasible within the approach we have outlined.
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A Appendix

A.1 Formalism Omitted in Section 2

Derivation of First-Order Condition (4) For ¢ > 0, define

¢t (a5, as,w) 2 ui(ai + s,a_i,wi — (a0, 0)
(bi(a/, a_: w) Ay Ui(ai7 a—iy W) — Ui(az‘ — 57 a—i7 w)
e \Wiy L—1y = .

3

Definition 6. (Admissible Equilibria) An equilibrium is admissible, if for any player i and
equilibrium belief p; € A(A_; x §2), there exists a best response af € A;;, A > 0, and ¢ :
A_i x 2 = R such that [, ., o¥(a_i,w)dp; < 400 and for all e € (0,4), (a_s,w) € A_; x £,

|¢;<a;‘k7a7hw)‘ S w<a*i7w) and |¢';(a;(7afi7w)| S w(a*iaw) .

This admissibility effectively requires players’ payoff differences to be locally well behaved
at the best responses. It ensures the interchangeability of operators in (4) and is satisfied in all
equilibria that we characterize. (If A and {2 were compact, then admissibility would be trivially
satisfied whenever each u;(a,w) was continuously differentiable in a;. For general A and (2, any

equilibrium is admissible if, for instance, each w;(a,w) is polynomial.)

Lemma 3. (First-Order Approach) Under Assumption 1, for any player i and admissible
equilibrium belief p; € A(A_; X §2), a; is player i’s best response if and only if condition (4) is
satisfied.

Proof. For any ¢ and admissible equilibrium belief j;, a} satisfies the following condition:

/ wi(al,a_;,w)dp; > / wi(a;, a_s,w)dp;, Va; € A;. (53)
A,iXQ A,iXQ

Under Assumption 1, condition (53) is satisfied if and only if for any € > 0, the following holds:

Hlak a_;,w)du; <0, 54
[, Gl aw)du < (54)

Z(al,a_;,w)dp; > 0. 95
[, et ) (55)
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Moreover, is decreasing in ¢ and ¢, is increasing in ¢; thus, conditions (54), (55) are

’LE

equivalent to

1

0 > lim T(al,a_;,w)dp; = lim ~ wi(ar +¢e,a_;,w) —uilal,a_;,w) du;

i e e ie(ai, a—i, w)du; = lim = o (a] ) — ui(a; ) dp
ot

= ui(a;, a_i, w)dp;

— ey ¥
a;=a;

_ 1
0< £1_1}(1) A,ianbia(a:’a_“ w)dp; = ll_r}no 6 Aiixgui(af,a_i,w) —ui(a; —e,a_j,w) duy,
o

- i \Wiy W—g, d 7
da; /A_ixrzu(a a—i,w)dp

— ey K
a;=aj;

By Lebesgue’s dominated convergence theorem (Theorem 11.32, Rudin (1976)), because belief

1; arises in an admissible equilibrium, the following holds:

lim Yat, a_;,w)d i:/ lim LAy w)dp; / (af,a_;,w)dp;,

e=0JA_;x0 lai )y A ><_Q€—>0¢ (a7 Hi le w)dp

lim —(al,a_;,w)d i:/ lim LA, w)dp; / Yoa_;, w)du;,

e—0 A,ixfngw( ‘ Jdu A Z><Q€—>0¢ (af Hi Z><.Q Jdu
and thus

0
i \Ugy L—q, d Q
G

= / wi(al,a_s,w)du; = 0.
A,iX.Q

Sy ¥
a;=a;

A.2 Formalism Omitted in Section 3

Proof of Theorem 1 The first step is

Lemma 4. (Weak Duality) V¥ < VP,

Proof. Take any dual variables (A, ) that satisfy the constraints of the dual problem (8). Take

any measure 7 that satisfies the constraints of the primal problem (5). Integrating both sides
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of the dual constraints over a € A and w € {2 against measure 7 yields:

/AXQ (a,w)dr < AXQZ)\ a;)t;(a, w)dr + Y(w)dr = /Q’y(w)dug, (56)

AXxS?

where the equality follows because 7 satisfies the primal constraints. The left-hand side of (56)
is the value of the primal problem given measure 7. The right-hand side of (56) is the value
of the dual problem given dual variables (A,7). As the inequality (56) holds for any allowed
values of primal measure and dual variables, it also holds at the respective maximization and

minimization limits. O

Continuing with the proof of Theorem 1, take any primal measure 7= implementable by
information, i.e., that satisfies the constraints of the primal problem (5). If it is implementable

by incentives, then there exist dual variables A that implement this measure in the dual problem

(10), and

VP = inf E, lsup w(a,w, )\’)]

)\/EXZ‘M(AZ‘) acA
<E,[w(a,w,\)]
N
= Jar— [ )i(a,w)d
AXQ CI, CL) T ; a; U CL Ld T
= dr < V7T,
AXxS2 ( )

where the first inequality follows from the implementability of 7 in the dual problem and the
last three steps follow from the feasibility of 7 in the primal problem.

Furthermore, by Lemma 4, VP > VP Combining the two inequalities, we obtain
VP :/ v(a,w)dr = V7,
AxX$2

which proves the optimality of measure 7.
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Proof of Proposition 1 For any optimal measure 7, the following holds:

EW[U(G’7 w)] - VP7
/ ti(a,w)dmr =0 Vi=1,..., N, measurable A, C A;.
AlXA_;x$2

As such, if the dual agent is offered contract A and plays according to an optimal measure then

his expected payoff is

That is, the dual agent obtains the same expected payoff of V¥ by playing according to an
optimal measure, whether w or 7.

Moreover, if A certifies the optimality of measure 7, then playing according to 7 is a best
response of the dual agent to contract A\. However, since, as shown above, 7’ delivers the same
expected dual payoff as 7, it follows that 7’ is also a best response of the dual agent to contract
A. Indeed, for every w € 2 and a € A, w(a,w, ) < supze, w(a,w, ). Since A certifies 7, we

have VP = V¥ and since 7’ is optimal, E[w(a,w, \)] = VF. Hence

0=VP -Eufwla,w )] = /Q <iggw(a,w7A) - /Aw(a,w, A) 7' (da | w)) po(dw).

The integrand is nonnegative, so it must be equal to zero for pg-almost every w. Therefore, for
to-almost every w, the measure 7’(- | w) is supported on arg max,c4 w(a,w, ), that is, 7’ is
also implementable by incentives under contract \.

Finally, as an optimal measure, 7’ satisfies the constraints of the primal problem. Hence, 7’
is implementable by information and by incentives; by definition, A certifies the optimality of
7.

Proof of Claim 1 Assume that {2 and all A; are compact (metric) spaces, and that v and

each 1; are continuous on X £ 2 x A. We first introduce an auxiliary dual problem in which
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the multipliers are restricted to be continuous:

vees b [ qw)d
’YGC(Q)l,n)\iGC(Ai) Q’Y(w) NO

st ylw)+ i/\i(ai)ui(a,w) > v(a,w) V(a,w) € Ax 2.
i=1

Because every continuous function is measurable, the feasible set of VP is contained in the
feasible set of VP. Hence VP < VP¢. By weak duality, VZ < VP. Therefore it is enough to
prove that VP =V7F,

Define £ 2 C(X), Y £ C(02) x [1Y, C(4;), each endowed with the sup norm. Since X
is compact metric, both are Banach spaces, and by the Riesz-Markov theorem (Rudin, 1987,
Theorem 6.19) E* = M(X), Y* = M(2) x [IL, M(A;), where M(-) denotes the finite signed
Radon measures.

Define the continuous linear operator 7' : Y — E by
N
A .
T(77 )‘) (a7 w) = ")/(UJ) + Z )‘i(ai)ui(ga w)‘

i=1

Also define the proper convex functions ¢ : E — RU {+o0} and ¢ : Y — R by

oy IO EHOTEER 0 Ve [hwdm,

400, otherwise,

Then,

VD¢ — inf {w(y) + ¢(Ty)}-

yey

Now choose M > ||v]|« and let yo = (M,0,...,0) € Y. Then Tyo = M > v on X, so ¢
is continuous at T'yy. Hence the Banach-space Fenchel-Rockafellar theorem applies and yields

(Rockafellar, 1967, Theorems 1 and 3)

vPe = sup { - 9" (T*m) - ¢*(-m) )

Tek*
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We now compute the two conjugates. First,

—'(=m) = —swp{ [ fa(=m) — o)}

fEE
— i /fdw.
feC(X), f2vJx

Therefore

e { [evdr, ifme My(X),

—00, otherwise.

Indeed, if 7 € M, (X), the infimum is attained at f = v. If # ¢ M, (X), then by the Riesz-
Markov theorem there exists h € C(X) with h > 0 and [ hdr < 0; hence for f,, = v + nh we

have f, > v and

/fndw:/ vd7r—|—n/ hdr — —oo.
X X X

Second, identify T*m € Y* explicitly. For 7 € M(X), let mp € M ({2) be the 2-marginal of

7, and for each i define a finite signed measure v; € M(A;) by
vi(B) 2 / ii(a,w)dr ¥ Borel B C A,
BxA_;x82

Since 1; is continuous on the compact set X, it is bounded, so v; is well defined. Moreover, for

every (7,A) €Y,

N
(T*7, (7, ) :/X'y(w) d7r+Z/X/\Z-(a,~)ui(a,w) dr
i=1
N
= [ yd [ didu.
/97 o + ; " v
Hence, under the identification Y* = M (£2) x TI¥., M(4;),

T r = (7T0,I/1, . ,I/N).
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Now ¥(v, ) = [, vduo depends only on v, so its conjugate is

. 0, if o = po and n; = 0 Vi,
7/1(7707771a-~->77N):
400, otherwise.

Therefore

0, if mo = po and v; = 0 Vi,

—00, otherwise.

Combining the two conjugate calculations gives

vbe—= " gqup {/Udﬂ"ﬂ'o:,uo, l/i:OW}.
X

TFEM+(X)

Since my = o and g is a probability measure, every such 7 has total mass one, so m € A(X).
Finally, the condition my = pg is exactly the Bayes-plausibility constraint. Also, v; = 0 is

equivalent, by the uniqueness part of the Riesz-Markov theorem, to
/ ui(a,w)dr =0 V Borel A! C A;,
AIXA_ ;%0

which is exactly the obedience constraint in the primal problem. Hence the feasible set above

is precisely the primal feasible set, and therefore V¢ = V. We conclude that
VP S VD S VD,C — VP,
so VP =Vv7r,

A.3 Formalism Omitted in Section 5

Game Normalization The game normalization is achieved by defining w’ = w — E[w], a} =

a; + ]Eq[ﬂ:;lil , b= hE[w] + by —2(p° + pC)Eq[‘;’l;lzl , and ignoring the strategically irrelevant additive

terms, i.e., those in u; that do not depend on a; and those in v that do not depend on a.
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Proof of Theorem 2, continued. If k* ¢ [0, N|, then, since ¢°p¢ > p°¢°, either (i) p° < hq°,
or (i) (hq” = p°)(q° + ¢°) > 2(p°¢° — P°¢°).

Indeed, if neither (i) or (ii) holds then it must be the case that p° > hq°, and (hq® —p°)(¢° +
q°) < 2(p°q° — p°q©). But in this case, because of our assumptions ¢° < 0, ¢°(hg® — p°) > 0 and
therefore,

k* ¢°(hg® — p°)

N = Qe —pa) - (- )+ @) Tl — ) < O

Consequently, if £* ¢ [0, N], then either (i) or (ii) holds.

Case (i). If (i) holds, then no disclosure is optimal, which can be certified by an affine

b

W)' Under this contract, the dual payoff function is

contract with (z,zg) = (—=h, —

w(a,w) = zow + (p° — hq®)a + (p° — hq¢)a* = xow + ]\IIZCLTM((pO — hqg°)N + p° — hq®, p° — hq)a,
where M (x,y) denotes the N x N matrix whose diagonal entries equal = and off-diagonal entries
equal y. By Theorem 1, no disclosure is optimal if a = (0,...,0) maximizes w(a,w) for all w.
This happens if M ((p® — hq®°)N + p° — hq®, p° — hq°) is negative semidefinite (NSD). Note that
matrix M (z,y) has two distinct eigenvalues: z+ (N — 1)y and = —y. Therefore, M(z,y) is NSD
if 4+ (N —1)y <0and z—y <0 which for M((p®— hq°)N + p° — hq, p° — hq®) corresponds to:

p° < hq°,

p0+pc S h(q0+qc>

Subcase 1: hqg® > p©. In this case, NSD is equivalent to p° — hq® < 0. In case ¢°p° > p°q¢°
and p°® < hq°, this is satisfied.

Subcase 2: hq® < p°. In this case, NSD is equivalent to p® — hq° + p© — hqg® < 0. In case
q°p° > p°q° and p° < hq°, note that p¢ = —p®—n and ¢¢ = —¢°—¢ for some n and € > 0. Because
q°p° > p°q°, we have —q°n > —p°e, which implies n/e > p°/q° > h because p° < hq® < 0. Thus,
n > he; equivalently, p° + p¢ < h(q¢° + ¢°).

Case (ii). If (ii) holds, then full disclosure is optimal, which can be certified by an affine
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contract with (z,zo) = (h — 2((]’20:55), —qoiqc). Under this contract, the dual payoff function is

2(p°+pc)> _ ( 2(p° + p°) ) < 2(p° + p°) >2
w(a,w) =xow+ (2h — —— Jwa+ [ p*+¢"(h— —) |a+ | p°+¢(h— —) | a
(a,w) =x0 ( o P’ +q°( qo+qc) J qo+qc)

_2(p0+pc))

1
=2ow + — ((2h
¢° +q°

e Nwlka + a” M (z, y)a) ,

where 1y = (1,...,1)T is an N-dimensional vector of ones, 2 = N (p° + ¢°(h — 22F20)) 4 pe 4

qO_'_qC
c _2(p°+p°) __.C c _2(p°+p°)
q (h q°+q° ) a‘nd y - p + q (h q°+q° )

By Theorem 1, full disclosure is optimal if a = (—ﬁ, . —ﬁ) maximizes w(a,w) for

all w. If M(z,y) is NSD, then the maximizing a can be found via F.O.C.:

2 (o} C
<2h — w) Nwly +2M(z,y)a =0,
¢+

—ﬁ, - —qo“’ch). Therefore, it remains to establish that M (z,y) is

NSD, z + (N — 1)y < 0 and z — y < 0 which corresponds to

with a solution a = (

2 (0] C
¢ +q
2 O_|_ C 2 O+ C
po+qo<h_ (po zi)>+pc+qc<h_ (12 {)) <0,
q° +q q° +q
Subcase 1: p°+ ¢°(h — %) < 0 and p° + p°® # h(q¢° + ¢°). We show that the inequalities
hold strictly. It suffices to show p° + ¢°(h — 22229) < 0; equivalently, (hq® — p°)(¢° + ¢°) >

q°+q°

2(p°q° — p°q°). In case pq° > p°q° and (hq® — p°)(q° + ¢¢) > 2(p°q¢° — p°q°), this is clearly

satisfied.
Subcase 2: p©+ ¢°(h — 2((1’2():;;)) > 0 and p° + p°® # h(q° + ¢°). We show that the inequalities
hold strictly. It suffices to show p° + ¢°(h — %) +p + ¢“(h — %) < 0; equivalently,

h(q° + q°) — p°® — p¢ < 0. In case ¢°p° — p°¢® > 0 and (hq® — p°)(q¢° + q°) > 2(p°¢° — p°q°),
noting that p* = —p® —n and ¢ = —q° — € for some n € R and € > 0, we have —¢°np > —p°¢

and ¢°(2n — he) > p°, implying (by summing them side-by-side) ¢°(n — he) > 0; equivalently,
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1n — he < 0. Thus,
h(q° +q°) —p° —p°=n—he <O0.

Proof of Theorem 3, continued. By concavity conditions —¢° > 0, and thus o2 > 0 if and

only if

B(L+¢B+q°B) >0,
(p° — hq°) ( (¢° +q°)(p° — hq0)>
2(p°q° — p°q°) b 2(p°q° — p°q°) -0
(p° — hg°)(2(p°q° — p°q°) + (¢° + ¢°)(p° — hq°))
4(pcqo _ poqc)Q

> 0.

Because ¢° < 0, setting ¢; £ ¢°(hq® — p°) and ¢y = ¢°(2p° — hq®) — p°¢°, the inequality holds if
and only if

q°(hq® —p°)(2(p°¢° — p°¢°) + (¢“ + ¢°)(p° — hg”)) > 0,

c1(ca — 1) > 0.

Moreover,

k* B qo(hqo _po) B g

N ¢°(2p° — hq®) —p°qc o

The result follows, because for any c;,co € R, ¢1/co € (0,1) if and only if ¢;(cy — ¢1) > 0.

A.4 Formalism Omitted in Section 8.1

No Disclosure Under no disclosure, each player’s action cannot depend on the state and is

thus uniquely determined by condition
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Full Disclosure For any w, the ensuing game admits a strictly concave potential ¥ (a,w) =

(w—%a — LN a? and thus has a unique equilibrium. Parameterize a symmetric linear

strategy profile:
a;(w) = ko + kw.

The best-response condition (43) can be rewritten as

N -1 1—Fk(N -1
CLi(W):— 9 ]€0—|— 1(2 )

w,

which determines the equilibrium parameters at kg = 0 and &k = ﬁ

A.5 Formalism Omitted in Section 6

Game Normalization Under any information structure, the expected marginal payoffs must

equal zero. Thus,
Elwip® +w_ip” + b1 + ¢°a; + ¢“a—] = p(p® + (N — 1)p°) + by + E[¢°a; + ¢°a_;] = 0.

By symmetry, it follows that for all 7,

°4+ (N —1)p°) + by
Ela,] = o Hp ‘
lai] = ao ¢+ (N —1)¢°

In the normalized game, the expected actions equal zero. The normalization is achieved by
defining ' = (w—p)/o, a; = (a; —ap) /o, b= (bg +(p°+ (N — 1)]5¢)u—|—2(q~0+ (N — 1)@6)&0)/0,
rescaling the payoffs by 02, and ignoring the strategically irrelevant additive terms, i.e., those

in u; that do not depend on a; and those in v that do not depend on a.

Proof of Lemma 1 Matrix M (z,y) has two distinct eigenvalues: z + (N — 1)y and = — y.
Therefore, it is negative semidefinite if and only if z+ (IV —1)y < 0 and x —y < 0; it is negative
definite if and only if z+(N—1)y < 0 and z—y < 0. Therefore, M (q°,q°) = M(G°+xq°, “+xq°)
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is negative semidefinite if and only if

z(¢°+ (N —1)¢°) < —¢° — (N = 1)¢",

I(qo _qc) S _('qvo _ q'c)
By concavity assumptions, ¢° + (N — 1)¢¢ < 0 and ¢° — ¢° < 0. The result follows.

Proof of Lemma 2 Note that M (z,y)M(z,w) = M(xz+ (N — 1)yw, 2w+ yz + (N — 2)yw)

-1 _ z+(N-2)y _ Yy
and M(z,y)~" = M((r—y)(w+(N—1)y)’ (w—y)(r+(N—1)y))

, if invertible. Thus,

@' (w,7) =~ M7 @ @), T @) M (), 7))
_ 1 M(@(2)p°(z) + (N = 2)g°(2)p°(z) — (N — 1)g*(2)p°(2), g°(2)p°(z) — g°(x)p°(2))
2 (@ (2) = q°())(@°(z) + (N — 1)g°(x))
and
W(x) = =B [w" M@ (2), (@) M~ (@ (2), 7°(2)) M (7" (), 7°(2))w]
N 2(2)
4 (@) — (@) (@ () + (N = )g*(x))’
where

2() 2 (@) (P @ + PP — D+ (N = 2)p) + 2N = Dop (@) () )+

F @) (PPN = 2= p(N = 1) = p(N = DF(@)* = 2N = )P @)p(@) ).

First, consider the case of x | x. In this case, the term dividing Z(z) is going to zero (from

above). Thus, if Z(z) # 0, then as z | z, W(z) diverges to +oc.

(i) z = —ZZ:ZE. As —ZZ:ZZ > —giig:ggz, we have ¢°¢¢ < ¢°¢°, and by the genericity

assumption, ¢°¢¢ < ¢°¢°. This implies that §° = g° < 0. Thus,

Z(z) =q°(N = 1)(1 = p)(p° = 7°)* < 0.
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(il) z = —%. As —gZ:Zz < —ZZiEx:BZZ, we have ¢°¢° > ¢°q°, and by the genericity

assumption > . 1s implies that ¢° + —1)g° =0, and g > 0. us,
ption, ¢°¢° > ¢°¢°. This implies that g° + (N — 1)g° = 0, and g° > 0. Th
Z(z) = —q°(1+ p(N = 1))(p° + (N — 1)p°)* < 0.

Now, consider the case of x T +o00. In this case, for the denominator of the dual payoft, we

have

D@ NI (g g+ (V= )ge) >0,

while for the numerator we have

Z(x)

= (072 + PV = D1+ (¥ = 2p) +2(V = ')

F g (PPN =2 p(N = 1)) = p(N = 1) = 2N = Dpp?). (58)

It suffices to show that the right-hand side of (58) is strictly negative, because then the dual
payoff is x times a strictly positive constant, which diverges to infinity as x grows.

First, note that

()" + () (N = (1 + (N = 2)p) + 2(N — 1)pp°p°
(° + p(N = 1)p)* + () ((N = 1)(1 + (N = 2)p) — p*(N — 1))
> (p°)'(N =1+ (N =2)p— p*(N — 1))
(

PN = 1)(1+ (N =1)p)(1 = p) = 0.
(i) ¢° < 0. Because ¢° < ¢¢, the right-hand side of (58) is lower than

(07 + (N = D1+ (N =2p) +2(V = ')
47 (PPN = 2= p(N = 1)) = p(N = 12(")? = 2N = 1))

= ¢°(p° = p) (N —1)(1 — p) < 0.
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(ii) ¢° > 0. Because ¢° + (N — 1)¢° < 0, the right-hand side of (58) is lower than

— (V=172 + (P = (1 + (N = 2)p) +2(N = Doy’
@ (7 =2 = p(V = 1) = p(N = 1(p)? = 2N — 1y’

= —¢"(p* + (N = )p*)*(1 + p(N = 1)) <0.

The result follows.

A.6 Formalism Omitted in Section 8.3

We can microfound the linear demand as being generated by a continuum of consumers that
differ in their tastes. Each consumer has a type w = (w;,ws) € R? and decides how much of
the firms’ products to consume, ¢ = (¢1,¢2). The payoff of a type-w consumer who consumes

quantities g at prices a is

1 B
—aTq + W q)"H ' (w—q),

where H is an N x N negative semidefinite matrix:

-1 7
n —1

H 2

For any price vector a € A, the quantities demanded by a type-w consumer are ¢(a,w) = w+Ha.

Consumer and producer surpluses can be written as

1
CS(a,w) = a’ Bosw — §aTC'CSa,

1
PS(a,w) = a’ (w+ Ha) — c(w+ Ha)" (w+ Ha) = —cw’w + a’ Bpsw — iaTC’pga,
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where the payoff coefficient matrices are

Bos =1, Cos = H
Bps & 1 —2cH, Cpg 2 —2H + 2cH?,
B2 0Bcs + (1 — (S)BPS, o= 0Ces + (1 - (5)0135.

Price Control The designer’s first-order condition is
Bw—Ca =0,

which results in the first-best responsiveness matrix B2 = C~'B, and thus,

pp 24 0(60 —7) +4c2(1 = 8)2(1 — n?) + 2¢(1 — 6)(3 — 50 — (1 — 8)1?)
o 7 (1—n2)(2-36+2c(1—=0)(1 =) (2-30+2c(1 - 0)(1+7n))
rn N2+ 8(60 —7) +42(1 — 8)2(1 — n?) + 4e(1 — 6)(1 — 20))

' (=) (2-36+2¢(1 - 8)(1 —n)) (2 — 30+ 2c(1 — ) (1 +1)).

The threshold value ¢ is the one that equalizes the determinant of C to zero:

2+ 2¢(1 — |n])

0= :
3+ 2¢(1 — |n])

No Disclosure and Full Disclosure FEquilibrium pricing behavior is derived from the sys-
tem of first-order conditions:

ai iy U—1, .
M a; — QCQi(aiaafiac’U))] = 07 L= 172

E,lgi(a;, a_;,w) + D4, (a;

Proof of Proposition 5 The setting is an instance of the general framework (23-24) with
N=2 p=0,b=b,=0and p, = 1+2¢, p. =0, ¢ = —2(1 + ¢), g. = n(1 + 20¢),
Bo = 0(=1) + (1= )1+ 20), p = (1= 8)(=2em), Gp = 6/2+ (1= 6)(~1 — c(1 + 1)),
Ge = —0n/2+ (1 —6)n(1+ 2c).
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The non-genericity conditions (26-28) reduce to

A 24+6 4¢2 — 8 — 82 2en? + 4c2n?
5 £ 8, c) 2 + 6¢ + 4c cn| Enl + 2en® + 4cn

2 : 59
5+ 8¢+ 4c2 — |n| — 10¢|n| — 8c2|n| + 2en? + 4c2n? (59)

If n <0, at § =  condition (27) is violated. If > 0, at § = 4 condition (28) is violated.
Otherwise, the conditions hold.

The resulting lower bound on z is

mZmaX{_QO_QC7_QO+QC}. (60)
o — qc do + qec

The expected dual payoff reduces to

W) = - T Do@)Po(@)" + 4p(@)Pe(2)” = 20.(2)Po(2)Pe()) (61)

2(q,(2)? = q.(x)?)

By Theorem 4 and normalization (A.5), whenever § # 4, the optimal direct information struc-

ture is unique and is given by (52) with

’ 2(q,(x*)* = qp(2*)?)
o Go(®)Pe(2") — qo(27)P,(27)
‘ 2(@,(x*)? = qo(*)?)

and z* being any minimizer of (61) over * > z. The constant term af can be found via mean

action invariance: a} = al¥P — (r’ + r¥)wo.

B Bounded Action Spaces

Consider the concave information-design problem as in the main text, but let the action space
of each player be A; = [a;,a;], —00 < a@; < @; < +00."® For any given p € A(A_; x ), the

player’s best-response action a;(u), if interior, must be unimprovable by local deviations to

18The extension to half-bounded spaces is straightforward.
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lower and higher actions and hence satisfies the first-order condition

E, [u;(a}, a_;,w)] = 0.

In contrast, the optimal boundary actions must only be unimprovable by one-sided local devia-

tions. As such, the player’s best response if located on the boundary must satisfy the following;:

]Eu [U’Z(Q;ka a—;, Cd)] S O?

]EM [UJZ(GZK? a—q, W)] > 0.

We can write the resulting primal information-design problem as follows:

VE & sup / v(a,w)dr
reA(Ax Q) JAxQ

s.t. ti(a,w)dm =0 Vi=1,..., N, measurable A, C (a;,a;),
AlxA_ix$2

/ ti(a,w)dr <0 Vi=1,..., N, measurable A; C [q;,a;),
AlxA_;ix2

/ ti(a,w)dm >0 Vi=1,..., N, measurable A, C (q;,a;],
AlXA_;x$2

/ dm = / dupo  Vmeasurable 2" C 2.
Ax o

This primal problem entails the dual problem

yp & inf | 2wy
CE SV sy LGl

N
st Y (@) ti(a,w) +y(w) > v(a,w) Va e A,w e 2,

=1

(62)
(63)

(69)
(70)

(71)

The presence of additional obedience constraints (66), (67) in the primal problem translates

into the sign constraints on the Lagrange multipliers (71) in the dual problem. As in the case

29



of unbounded actions, the dual problem (69) can be simplified and rewritten as

D __ .
VB - )\EXIS/%‘(AJ ]EHO [iggw(a7 W, )‘)] (72)
st Ni(g;) >0, (@) <0 Vi=1,...,N. (73)

The adversarial-contracting interpretation remains intact, but the space of allowed contracts is

limited at the boundary actions by the presence of sign constraints.
Lemma 5. (Weak Duality with Bounded Action Spaces) V2 < V2.

Proof. Take any dual variables (A, y) that satisfy the constraints of the dual problem (69). Take
any measure 7 that satisfies the constraints of primal problem (64). Integrating both sides of

the dual constraints over a € A and w € (2 against measure 7 yields

V) < [ Awdp,(74)

N
sw)d </ Ai(aq )i (a, w)d
/AXQU(CL w)d < AXQ; (ai)ti(a, w)dm + Ax 2

where the second inequality follows because 7 satisfies the primal constraints and the Lagrange
multipliers satisfy the dual constraints. (This inequality holds as equality in the case of un-
bounded actions.) The left-hand side of (74) is the value of the primal problem given measure
7, whereas the right-hand side of (74) is the value of the dual problem given dual variables
(A\,7). As inequality (74) holds for any allowed values of primal measure and dual variables, it

also holds at the respective maximization and minimization limits. O

In the case of bounded actions, we call a measure m € A(A x §2) implementable by informa-
tion if it satisfies the constraints of the primal problem (64) and implementable by incentives
if there exists a feasible contract in the dual problem (72) that induces this measure as a
best response and satisfies the complementarity slackness condition: for all 7 and measurable

A; - [Qiaai]a fA;XA_iX_Q )\i(a’i)ui(a7w)d7r =0.

Theorem 5. (Optimality Certification with Bounded Action Spaces) In the case of bounded
actions, if m € A(A x §2) is implementable by information and is implementable by incentives
by contract \, then (i) m solves the information-design problem, (ii) A solves the adversarial-

contracting problem, and (i) VE = VL.
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Proof. Take any primal measure m implementable by information, i.e., one that satisfies the
constraints of the primal problem (64). If it is implementable by incentives, then there exist dual
variables A that implement this measure in the dual problem (72) and satisfy complementarity

slackness. Therefore,

D . /
Vi ,\/exijvlt?Ai)Jr(?g) Ko Elelg w(a,w, )1

<E,[w(a,w,\)]

N
= ,w)d —/ Ai(a;)i;(a, w)d
AXQv(a w)dm Ax(z; (a;)u;(a,w)dr

= dr < VEF
AXQv(a,w) T < Vg,

where the first inequality follows from the implementability of 7 in the dual problem, whereas
the last three steps follow from the feasibility of 7 in the primal problem and complementarity
slackness.

Furthermore, by Lemma 5, V2 > V£, Hence,

VD:/ w)dr = VE
B AXQ“(‘ZW)W B

which proves the optimality of measure 7. O

Claim 2. (Strong Duality with Bounded Action Spaces) If {2 is compact, and v and each ;

are continuous, then VY = V}E.

Proof. The proof is analogous to that of Claim 1, except that one carries the boundary sign
restrictions through the auxiliary continuous dual. In particular, one defines VBD “ exactly as
in the proof of Claim 1, but with continuous multipliers \; € C(A;) constrained to satisfy
Ai(g;) > 0 and )\ (@;) <0 for each i. Then VP < V2, while weak duality gives VF < V2, so it
suffices to show VBD “ = VL. Applying the Fenchel-Rockafellar duality with the same spaces and
linear operator as in the proof of Claim 1, the only change is that the functional on the multiplier
space now includes the indicators of the cones K; = {\; € C(4;) : \i(a;) > 0, N\(a;) < 0}.

Accordingly, the conjugate condition in the dual becomes my = po together with v; € K, for
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every i, where v; is the weighted marginal measure induced by #; and K is the polar cone
of K;. A direct characterization of K; shows that this is equivalent to the bounded-action
obedience constraints (65)—(67): zero weighted mass on interior subsets and the appropriate
weak inequalities on sets touching the lower or upper boundary. Thus the feasible set in the

Fenchel-Rockafellar dual coincides exactly with the primal feasible set, so VBD “ = VEF, and

therefore Vg < Véj < VBD C = Vg , implying Vé? = VEI; )
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