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Abstract

In complex strategic settings with multiple dimensions, players often simplify de-
cisions by breaking them down into separate dimensions. In contrast to standard
replicator dynamics, which assume perfect multi-dimensional coordination, our com-
binator dynamics model captures cases in which players revise actions dimension by
dimension, imitate successful traits in each dimension, and then combine the selected
traits into a new action. We analyse key properties of these dynamics — monotonicity,
stationarity, and stability. We then extend the model to heterogeneous settings, where

some players imitate entire multi-dimensional actions while others combine traits
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imitated separately in each dimension. We apply the framework to organisational
decision-making, where decentralised adoption of practices can generate coordina-
tion failures, persistent performance differences, and a trade-off between specialised

and versatile organisational traits.

Keywords: multi-dimensional reasoning, non-monotone dynamics, evolutionary stabil-

ity, imitation. JEL codes: C73, D83, L20

1 Introduction

In many strategic settings, the strategy space is large and complex, potentially beyond the
capacity of players to formulate strategic choices that take into account the entire strategy
space as a single unit. To manage this complexity, players often break down their strategic
choices into multiple dimensions, implementing separate decisions for each dimension
(Arad and Rubinstein, 2019). This possibility is especially natural when the player is
interpreted as an organisation, because complex decisions are often decomposed across
subunits, but the same logic can arise in many other settings with multi-dimensional ac-
tions. For instance, an early career researcher navigating professional development may
consult one mentor for choosing a research area, another for presenting at conferences,
and yet another for selecting and collaborating with co-authors.

A widely used model of learning is based on the replicator dynamics (Taylor and
Jonker, 1978) from evolutionary game theory. This approach considers a large population
of players who are randomly matched to play a symmetric normal-form game. Players
periodically revise their strategic choices (henceforth, actions). Under replicator dynam-
ics, when an agent updates a multi-dimensional action, he or she aggregates all strategic
dimensions perfectly and selects a new action that yields high payoffs—even when that
differs across multiple dimensions from the previous action.

We introduce in this paper a novel model for multi-dimensional learning, combinator
dynamics, in which, in contrast to the replicator model, agents evaluate each dimension

separately, selecting from each a trait that typically yields high payoffs. These traits, one
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from each dimension, are then combined to form a new action.

One source of inspiration for our approach is the contrast between biological asexual
and sexual reproduction strategies. Asexual reproduction is best modelled by replicator
dynamics: under such reproduction, a parent genotype in its entirety is inherited by an
offspring. Sexual reproduction in contrast is a combinator form of multi-dimensional
learning — genes from more than one parent are combined to form an offspring, with the
determination of which gene is inherited from each parent conducted separately at each
location in the genotype.

Our main results analyse three key aspects of combinator dynamics: monotonicity,
stationarity, and stability. Standard replicator dynamics are payoff-monotone, meaning
that an action with a higher payoff grows at a higher rate. We first show that combina-
tor dynamics are payoff-monotone only at the trait level: within each dimension, traits
with higher payoffs grow at a higher rate, but this does not necessarily hold for multi-
dimensional actions.

A distribution of actions (henceforth, state) is stationary if, once reached, the popula-
tion remains in that state indefinitely. In replicator dynamics, a state is stationary if and
only if all incumbent actions yield the same payoff. By contrast, our second result shows
that in combinator dynamics, a state is stationary if and only if (1) all traits yield the same
payoff, and (2) the frequency of each multi-dimensional action equals the product of the
frequencies of its traits.

A stationary state is (asymptotically) stable if any nearby population converges to it
over time. In replicator dynamics, this holds if (1) the Jacobian matrix of the payoff func-
tion is negative definite over the population’s support, and (2) any external action yields
a lower payoff than the incumbents. Our third result adapts these conditions to char-
acterise stability under combinator dynamics: (1) the Jacobian matrix of an alternative
payoff function—defined as the product of the traits” payoffs and their frequencies—is
negative definite, and (2) any external trait invading the population yields a lower pay-
off than the incumbents, though no such restriction applies to invading actions involving
multiple new traits.

The formal results are illustrated by three examples. Example 1 studies complemen-



tary improvements: changing either dimension alone is harmful, whereas changing both
dimensions together is beneficial. Example 2 studies congestion with cross-dimensional
lignment: each trait is valuable when it is relatively scarce, but a full action receives an
additional payoff when its traits are aligned. The stable state under combinator dynamics
can then contain full actions with different payoffs even though all traits have the same
payoff. Example 3 studies specialised and versatile traits: a specialised trait performs well
in one configuration and poorly in another, whereas a versatile trait performs moderately
well across configurations.

We then extend the model to recombinator dynamics. The recombination parameter is a
parameter of the revision protocol. With probability 1 —r, a revising agent copies a whole
action, as in the replicator dynamic. With probability r, the revising agent samples traits
independently across dimensions and recombines them, as in the combinator dynamic.
This extension allows us to study the continuous transition from whole-action imitation
to component-wise imitation. The corresponding stability conditions combine restrictions
on full actions with restrictions on traits.

Section 6 applies the theory to organisational decision-making. Organisations often
delegate the assessment of different dimensions of activity to distinct divisions, each re-
sponsible for identifying high—payoff traits within its domain. The three examples then
illustrate complementary organisational change, persistent performance differences gen-
erated by imperfect fit among components, and a trade-off between specialised and ver-
satile organisational traits.

The paper’s main contribution is to introduce a tractable evolutionary dynamic for
multi-dimensional environments in which agents revise components of an action sepa-
rately. Component-wise imitation can make inefficient complementary states locally sta-
ble (Example 1), equalise trait payoffs while inducing unequal action payoffs (Example
2), and shape the stability of specialised versus versatile traits (Example 3). The stability
analysis refines Arad and Rubinstein’s (2019) multi-dimensional equilibrium and yields
sharper predictions in games with large action sets. As shown in Section 6, the model can
account for several stylised facts in organisational decision-making.

The paper is structured as follows. In Section 2, we discuss the related literature.



Section 3 presents our baseline model of the combinator dynamics. Section 4 presents our
results. In Section 5 we extend our model to heterogeneous environments, where some
players combine imitated traits, while others imitate whole actions. Section 6 applies the
framework to organisational decision-making. We conclude in Section 7. Technical proofs

are presented in the Appendix.

2 Related Literature

In this section we review the literature most closely related to the paper: multi-dimensional
reasoning in games, evolutionary and imitative dynamics, and multi-dimensional social
learning. (We postpone the discussion of the related organisational behaviour literature

to Section 6.)

Multi-dimensional reasoning in games Arad and Rubinstein (2012) and Arad and Penczyn-
ski (2024) provide experimental evidence that players perceive games with large action
sets as multi-dimensional, reasoning about each strategic dimension independently.! Mo-
tivated by this, Arad and Rubinstein (2019) introduce the (non-evolutionary) solution
concept of multi-dimensional (MD) equilibrium. An action profile a is an MD equilibrium
if any better reply against itself requires changing multiple traits (i.e., if u(d’,a) > u(a,a)
implies that ¢’ differs from a in at least two dimensions).?

For pure strategies, an MD equilibrium is similar to our notion of an asymptotically
stable pure state in the combinator dynamics.> However, the two concepts diverge sig-
nificantly in mixed settings, where our solution concept is a refinement of theirs. A

mixed MD equilibrium is a distribution of actions where no player can gain by chang-

ing a single trait of an incumbent’s action. This concept is too weak in social learning

! Another interpretation of this behaviour is that players engage in narrow bracketing (Thaler, 1999; Read
etal., 2000): they consider each strategic dimension in isolation, adopting a trait for each dimension without
assessing the overall consequences of combining traits across dimensions.

2 When the set of actions is large, Arad and Rubinstein (2019) allow multiple actions to correspond to
each vector of traits (in which case, the vector of traits is interpreted as a cell that contains a set of similar
strategies). We focus here on the application of their solution concept to “product edited games” (which are
the games analysed in the present paper) in which each vector of traits corresponds to a single action.

3 Specifically, any strict MD equilibrium is an asymptotically stable pure state in the combinator dynam-
ics, and any asymptotically stable pure state in the combinator dynamics is an MD equilibrium.
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contexts, as it permits frequencies of actions to deviate significantly from the product of
trait frequencies—an impossibility in a stationary state under combinator dynamics, as
shown in Proposition 2.

Consider Example 2 in Section 4.2. A state in which half the population chooses one
aligned action and the other half chooses the other aligned action constitutes a mixed MD
equilibrium. However, it is neither stable nor stationary under the combinator dynamics.
When agents revise each dimension separately, some newly formed actions combine a
trait from one aligned action with a trait from the other, thereby generating misaligned
actions that are absent from the original mixed state. A key contribution of the paper
is to show that the evolutionary approach reveals weaknesses of the MD equilibrium
concept—at least in environments with social learning—and suggests refinements that

yield sharper predictions.

Evolutionary and imitative dynamics The evolutionary game theory literature (pio-
neered in Maynard Smith and Price, 1973) considers a game that is played over and over
again by biologically or socially conditioned players who are randomly drawn from large
populations. Occasionally, new agents join the population (or incumbents revise their be-
haviour), and they learn how to play based on observing the (possibly noisy) behaviour
and payoffs of some of the incumbent agents (see, Weibull, 1997 and Sandholm, 2010
for a textbook introduction, and Newton, 2018 for a comprehensive recent survey of the
literature).

The commonly-applied replicator dynamic (Taylor and Jonker, 1978) models how aggre-
gate behaviour evolves, with the growth rate of agents playing each action proportional
to their average payoff. Originally developed for genetic evolution, it has been widely
applied to social learning, where new agents tend to imitate successful incumbents (see,
e.g., Borgers and Sarin, 1997; Hopkins, 2002; Cressman and Tao, 2014; Sawa and Zusali,
2014; Mertikopoulos and Sandholm, 2018).

The vast majority of the evolutionary game theory literature assumes that the learning



process is one-dimensional.*° In particular, most of the literature on imitative processes
assumes that a new agent mimics the behaviour of a single incumbent. In what follows,
we describe the relatively small literature that deals with multi-dimensional learning, in

which new agents may combine the learning of various traits from different incumbents.®

Multi-dimensional social learning The multi-dimensional social learning model mir-
rors sexual inheritance: new agents combine traits from multiple incumbents, akin to
how offspring inherit genes from both parents. The stability of phenotypic behaviour
that is determined by the combination of genes (at different loci in the DNA) has long
been studied in the biological literature (see, e.g., Karlin, 1975; Eshel and Feldman, 1984;
Matessi and Di Pasquale, 1996).

Waldman (1994) studies a setting where agents choose two bias levels (e.g., overconfi-
dence and work disutility). He shows that under sexual inheritance, a pair of biases can
be evolutionarily stable if each is optimal given the other—termed “second-best adapta-
tions.” Frenkel et al. (2018) extend this to a continuum of bias levels, showing that while
second-best adaptations disappear, biases that roughly compensate for each other can
persist for long periods.”

Several studies explore the link between evolutionary dynamics and learning algo-
rithms (Chastain et al., 2014; Barton et al., 2014; Meir and Parkes, 2015). They show that
sexual inheritance enables regret minimisation, convergence to Nash equilibria, and can

be viewed as a common-interest game among genetic loci. Edhan et al. (2017) highlight

4 In a recent survey, Bisin and Verdier (2023) point out that most of the literature on the economic theory
of cultural transmission is on the evolution of a single cultural trait which excludes cultures as systems of
traits whose combinations and interactions are essential to generating new cultural meanings.

5 Some papers (for example Cressman et al., 2000, Hashimoto, 2006, and Sawa and Zusai, 2019) study
models where players engage in multiple games simultaneously, and their overall payoff is determined by
the cumulative sum of payoffs obtained in each distinct game. In these studies, each game is conceptualised
as a dimension. This contrasts with our approach here, in which a player is associated with multiple traits,
each of which may be considered a selection of an action from one set of possible actions out of a profile
of action sets, but the payoff for the player may be an arbitrary function of all of the traits, not just a linear
summation of an individual payoff function for each trait.

6 Our notion of multi-dimensional learning should not be confused with Arieli and Mueller-Frank’s
(2019) different use of the same phrase. In their setup the phrase describes agents who take actions sequen-
tially, and the order in which actions are taken is determined by a multi-dimensional integer lattice rather
than a line as in the standard model of herding.

7 See also Herold and Netzer (2023); Steiner and Stewart (2016); Netzer et al. (2021) on stable compen-
satory biases.



its advantage in large genotype spaces: while asexual populations sample once and find
a local maximum, sexual populations continuously re-sample, improving their chances
of reaching a globally superior outcome. Palaiopanos et al. (2017) study the polynomial
multiplicative weights update (MWU) algorithm, showing that interior trajectories con-
verge to pure Nash equilibria in congestion games where each player uses MWU. Edhan
et al. (2021) extend this, noting that the replicator dynamic is a special case of MWU and
that genetic recombination can be viewed as a potential game.

A key difference between our model and the existing literature is that the latter focuses
on situations in which a player’s payoff depends only on her own action. The strategic
aspect of our model, where an agent’s payoff depends on others” behaviour, leads to

qualitatively different results.

3 Model

Let G = (A,u) be a two-player symmetric normal form game, where A is a (finite) set of
actions and u : A> — R, is a payoff function. We endow actions with structure, positing
that each action is a combination of various strategic traits across several dimensions of
behaviour. Namely, we posit that there is a set D = {1,...,|D|} of dimensions with |D| > 2
and for every dimension d € D, there is a finite set A, of traits such that A :=[];cpA,. Each
action a € A is thus a D-tuple (vector), i.e., a = (aq)qep = (a1, -.-,a/p|). The interpretation is
that in each dimension d the traits are mutually exclusive — an agent exhibits a single trait
aq € Ay in every dimension d € D.

We interpret u(a,a’) € R, | as the payoff of an agent playing action a against one play-
ing action a’. A continuum of agents of mass one is presumed. Each agent is associated
with an action a € A, and the population state (abbr., state) x is the distribution of actions
in the population, and is an element of the simplex A(A), thus x(a) is the frequency of
agents in the population playing a. We demonstrate the multi-dimensionality of actions

in the following simple motivating example.

Example 1 (Complementary improvements). There are two dimensions, denoted m and p.

Each dimension has two traits, denoted 0 and 1. Thus, the four actions are 0,,0,, 0,1,
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1,,0,, and 1,,1,. Payoffs are independent of the opponent’s action and are given by

Action | 0,0, | 0,41, | 1,,0, | 11,
Payoff 5 1 1 6

The example captures the stylised case in which changing either dimension alone is harm-

ful, whereas changing both dimensions together is beneficial. 4

We consider a continuous-time setting where incumbents are replaced at a constant
rate normalised to 1. Equivalently, this represents a scenario where agents occasionally
revise their actions. Let x; € A(A) denote the state at time 7 > 0. Under the replicator dy-
namics benchmark, each new agent adopts an action by imitating an existing one, with
the likelihood of imitation increasing with the action’s success and frequency. Specifi-
cally, the probability of choosing action a is proportional to its payoff multiplied by its
frequency.

Formally, let u,(a) = ,): x(a")u(a,a’) denote the mean payoff of action a in state x, and
let u, = ZAx(a)ux(a) denaoig the mean payoff of the population. The replicator dynamics

ac

is defined as follows:®

(1) i (a) = ————= —x(a) (replicator dynamics).

We interpret Equation (1) as follows. Players occasionally revise their actions at a unit
rate. When a player revises, they randomly select another agent and imitate their action,
with the probability of selecting each agent being proportional to that agent’s payoff.

The combinator dynamic changes the object of imitation from multi-dimensional ac-
tions to traits. Each new agent evaluates traits independently across dimensions. The
probability of imitating a trait in a given dimension increases with its success and fre-
quency. Specifically, the likelihood of selecting trait a, is proportional to its payoff multi-

plied by its frequency. After selecting traits for each dimension, the agent combines them

8 Our functional form slightly differs from the most commonly-used functional form for the replicator
dynamics by a payoff-dependent rescaling of time; see Weibull (1997, Section 4.4.3). Weibull also presents
a more general imitation dynamics in which u,(a) (resp., u,) in Equation (1) is replaced by w(u,(a)) (resp.,
w(uy)), where w : R — R* is a strictly monotone function. Our dynamics can capture this general version
by a normalisation of the payoff function. That is, if the original payoff function is denoted 7 : A — R (which
might be measured in dollars), then u = w(x) is the normalised payoff following a monotone transformation
to cardinal units, measuring the probability of being imitated.
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to determine their adopted action. Formally, let supp(x) = {a € A|x(a) > 0} denote the set
of actions with a positive probability in state x, and let supp,(x) = {as € A4|x(ay) > 0} de-
note the set of traits in dimension d with a positive probability in state x. For every trait
ag € suppy(x), let x(ag) = Y  x(aq,a_;) denote its (marginal) frequency, and let u,(a,)

a_y€A_y
denote its mean (marginal) payoff:

x(ag,a_q)
U, (ag) = ————u,(ag,a_y).
(aq) adé‘d *(ag) (ag,a-a)
The combinator dynamics is defined as follows:
ooy X(aq)uy (aq) : .
() %) =[] —"""—-x(a), (combinator dynamics)

deD Uy,

We interpret Equation (2) as follows. Players occasionally revise their actions at a unit
rate. When a player revises, they consider each dimension separately. In each dimension,
they independently select another agent at random and imitate that agent’s trait in the
corresponding dimension, with the probability of selecting each agent being proportional
to the agent’s payoff.

To simplify notation, we omit the subscript t where it causes no confusion (e.g., writing
xinstead of x;). It is straightforward to verify that the combinator dynamics (and similarly,
its extension to the recombinator dynamics in Section 5) is an autonomous first-order dif-
ferential equation and that the vector field defining it is continuous and locally-Lipschitz,
hence a solution exists and is unique by the Peano and Picard-Lindelsf theorems.’

Our baseline model studies the homogeneous case in which all revising agents use the

same revision protocol. Section 5 introduces heterogeneous revision, where some agents

copy whole actions and others recombine traits.

 The Peano Theorem establishes the global existence of the solution. As the dynamics are locally
Lipschitz-continuous, the Picard-Lindelof theorem establishes uniqueness.
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4 Results

4.1 Monotonicity

Dynamics are payoff monotone (see, e.g., Weibull 1997, Definition 4.2) if an action with a

higher payoff grows at a higher rate.

Definition 1. A dynamic x is payoff monotone if % > );(a,) < uy(a) > u,(a’) for every

state x € A(A) and for every pair of actions a,a’ € supp(x).

A state is stationary if it is a fixed point of the dynamics (i.e., x € A(A) is stationary if
x(a) =0 for every a € A). It is well-known that every convergent limit state of a trajectory
lim; .. x; must be a stationary state (Proposition 6.3 of Weibull, 1997). The replicator dy-
namic satisfies payoff monotonicity, which implies that its stationary states are those that

satisfy the property that all incumbent actions have the same payoff.
Fact 1. (Weibull, 1997, Proposition 5.9)
1. The replicator dynamic is payoff monotone.
2. A state x is stationary if and only if uy(a) = u,(a’) for all a,a’ € supp(x).
Our next example demonstrates that the combinator dynamics violates payoff mono-

tonicity, and that this can allow strictly dominated actions to be asymptotically stable.

Example 1 (continued). Fix a sufficiently small € < 1. Consider an initial state x that puts

weight 1 — € on action 0,0, and weight € on action 1,,1,. Observe that 0,0, is dominated

$(0u05) _ (1nl))
x(0,0p) x(Lyplp)”

which violates payoff monotonicity. Note that the average payoff in the population is

by 1,1, ux(0,0,) =5 < uc(l,1,) = 6. In what follows, we show that

uy=5-(1—¢€)+6-€&=>5+¢. Substituting this into Equation (2) yields:

5—5¢
5+4¢

(0m0,) = ( )2—(1—8) —0(e) =

x(1m1p>:( © )2_8:0(82)—8:>x(1m1p) — 140,



Figure 1: Phase Portrait in Example 1

This figure illustrates the phase portraits and the basins of attraction in Example 1 for the repli-
cator dynamics (left panel, where action 1,,1, is globally stable) and for the combinator dynamics
(right panel, where there are two asymptotically stable states, 0,,0, and 1,,1,, with their basins
of attraction occupying approximately 40% and 60% of the simplex volume, respectively). Blue
(resp., orange) arrows represent states that converge to 0,0, (resp., 1,,1)).

Observe that for sufficiently small €, igg:gz g > ig:i Z ; Moreover, we later show (Corollary

2) that the environment admits two asymptotically stable states: 0,,0, and 1,,1,. Figure 1

illustrates the phase plot and the basins of attraction of 0,,0, and 1,,1,. ¢

Although the combinator dynamics do not satisfy the standard payoff monotonic-
ity, they do satisfy the following two types of monotonicity: (1) the action dynamics are

monotone with respect to the product-of-trait utility

iy (a) = HdEDx H uy (ag)
deD
and (2) the induced trait dynamics are monotone with respect to the standard utility u.
Thus, while traits are evaluated by the standard utility, actions are evaluated by a different
utility that is the product of two components: (1) the ratio between the product of the
traits” frequencies and the action’s frequency, and (2) the product of the traits” utilities.
Note, in particular, that an action’s utility plays no direct role (apart from its indirect

impact on the traits” payoffs) in how the action’s frequency evolves.
Proposition 1. The combinator dynamics satisfy:
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1. The action dynamics are monotone with respect to the product-of-trait utility i:

x(a)>x<a:)<:>ﬁx(a)>ux(a)<:>HdGDx T e (aa) HdeD" )Hux(ad)

x(a) ~ x(a’) deD deD

for every state x € A(A) and for every pair of actions a,a’ € supp(x).

2. The induced trait dynamics are monotone with respect to the standard utility u:

x(aq) . x(d!))

xag) ~ x(d) = ur(ag) > ux(ay)

for every state x € A(A) and for every pair of traits aq,a; € suppy(x).

Proof. 1. Dividing Eq. (2) by x(a) yields:

x(@ 1 x(aq) ux(aq) 1 H
= — 1 — th a
ROREIO) ) S (i) dg) Y
which implies that

X(a) _ x(a) Hder Hux a2) Hder( 2) T e ()

x(a) = x(a') deD x(a') deD

2. Slightly rewriting Eq. 2 with a = (a4,a_4) yields:

. Cld u Cld
x(ag,a_g) = ‘Dx| Hx ag)uy (ag) —x(ag,a_q)
d'+d

Dividing by x(a,) and summing over alla_; € A_, yields:

M: Z x(ad,a_d):ux(ad) Z Hx(adf)ux(ad’)_l

x(aq) a_y€A_y x(aq) uLD| a_yE€A_yd'+d

where the sum Yo ca [larzax (aqr) ux (ay) involves only elements that depend on traits
outside dimension d. Hence, it takes the same value for any trait a/, € supp,(x). This proves

part (2). ]
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4.2 Stationary States

An immediate corollary of Proposition 1 is that a state is stationary iff all actions in its

support have the same product-of-trait utility i:

Corollary 1. State x is stationary under the combinator dynamics if and only if /iy (a) = i, (a’)

for all a,a’ € supp(x).

Proof. i.(a) =iy (a’) Va,a’ € supp(x) <— % = igjg Va,a’ € supp(x) <—

% = 0Va € supp(x) <= i(a) =0 Va € supp(x) <= x is stationary. 0

Next, we show that a state is stationary if and only if (1) all traits obtain the same

payoff, and (2) the frequency of each action is the product of the frequencies of its traits.
Proposition 2. A state x is stationary under the combinator dynamics if and only if

1. uy(ay) = uy for any dimension d € D and any trait a; € supp,(x), and

2. x(a) =T[lyepx(aq) for any action a € supp(x).
Proof. First assume that x is stationary, and we will prove that (1) and (2) hold as follows:

1. It will suffice to prove that u,(as) = ux(a),) for every dimension d and every pair of
traits a4,d, € supp,(x), since in such cases u,(a,;) must equal the mean over traits in
supp,(x), namely u,. To demonstrate this, fix d and assume that there is a constant ¢

satisfying u,(a,) = ¢ for every a, € supp,(x). Notice that

Uy = Z x(ag)ux(aq) = Z x(aq)c =c,

aq€Aq agE€suppy(x)

hence ¢ = uy, as claimed. We next turn to prove the claim. By part (2) of Proposition

1, if, by contradiction, uy(as) > u(a,) for some dimension d and pair of traits a4, a), €
(ag) o X(day)
x(aq) ~ x(a)

every dimension d and trait a; € supp,(x).

supp,(x), then , contradicting the stationarity of x. Thus u,(ay) = u, for

2. As xis stationary and a € supp(x), the combinator Equation (2) becomes

0=T] ula) ) — x(a).

dep  Ux
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ux(aq)

Part (1) of this proposition implies that === =1 for every dimension d. Thus the

tirst equation in this part simplifies to

0= H x(ad) —x(a),
deD
implying property (2).

In the other direction we assume properties (1) and (2) hold and seek to prove that

Uy (ad)
Uy

x is stationary. Property (1) implies that =1 for every a € supp(x) and every

dimension d, hence the combinator equation, Equation (2), becomes

x(a) = H x(ag) —x(a)=0

deD

with the last equality to 0 following from property (2). O

Proposition 2 implies that the combinator dynamics are trait-centred (in a way anal-
ogous to the gene-centred view of genetic evolution (Williams, 1966, Dawkins, 1976)).
The social learning process that is captured by the combinator dynamics leads to the sur-
vival of payoff-maximising traits (rather than payoff-maximising actions), where each
trait a; € A, is essentially competing against the other traits in A;. Moreover, the fre-
quency of each action is just the product of the frequencies of its traits.

Observe that actions in a stationary state may have different payoffs. This is illustrated

in the following two examples.
2
Example 1 (continued). Consider the following full-support state: £(0,,0,) = (g) ,EX(1plp) =

(g)z, £(1,0,) = £(0p1,) = g : g. Observe that the frequencies of the traits in each dimen-
sion are: £(0,,) = £(0p) = 3, £(1») = £(1,) = 3, and that the frequency of each action is the
product of the traits” frequencies. Further note that all the traits have the same payoff:
uz(0m) = uz(0,) = g 14+ g 5= 29—9, ug(ln) =uz(1,) = g 14+ g 6= 29—9. This implies that state
% is stationary (even though different actions obtain different payoffs). ¢
Example 2 (Congestion with cross-dimensional fit). Similarly to Example 1, we again have

two dimensions, denoted by m and p, and in each dimension there are two traits, denoted

by 0 and 1. The payoff of an action is the sum of three components:
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Table 1: Payoff Matrix for Example 2 (Congestion with Cross-Dimensional Fit)

Om Op Om 1 p lmop lm 1 p
3 6 6 13
0,0, 3 8 8 13
8 1 11 8
Omlp | 6 1 11 6
8 11 1 8
1,0, | 6 11 1 6
13 8 6 3
Imlp | 13 8 8 3

1. dimension-m congestion: five times the share of agents choosing the other trait in

dimension m; for example, choosing 1,, contributes 5-x(0,,) =5- (1 —x(1,,)).

2. dimension-p congestion: five times the share of agents choosing the other trait in di-

mension p; for example, choosing 1, contributes 5-x(0,) =5- (1 —x(1,)).

3. cross-dimensional fit: a payoff of 3 is added when the two traits are aligned, 1,,1, or

0,,0,, and a payoff of 1 is added when they are not aligned, 1,,0, or 0,1,,.

The example captures a stylised situation in which traits are valuable when they are scarce
in their own dimension, but full actions also require fit across dimensions. Thus, a trait
may look locally attractive even when the full bundle in which it appears is relatively

low-performing. The payoff matrix is illustrated in Table 1. Specifically,

MX(lmlp) =5 (x(0m) +x(017)) +3, ”)C(Omop) =5-(x(1m) —f—x(l,,)) +3,

ue(1n0,) =5 (x(0) +x(1,)) +1, ue(0p1,) =5-(x(1n) +x(0,)) + 1.

The replicator dynamic admits a unique non-pure stationary state x*, in which half of
the population uses 1,1, and the other half uses 0,0,. Proposition 2 implies that the
combinator dynamic admits a unique non-pure stationary state £, in which each of the
four actions has frequency 0.25. Both states are globally stable, as illustrated in Figure 2.
At %, the aligned actions 0,0, and 1,,1, have payoff 8, while the non-aligned actions
0,1, and 1,0, have payoff 6. Nevertheless, all four traits have the same payoff, equal to

7. Thus, component-wise learning does not eliminate the low-payoff actions: each trait
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Figure 2: Phase Portrait in Example 2.

This figure illustrates the phase portraits in Example 2 for the replicator dynamics (left panel,
where state x* =0.5-1,,1,4+0.5-0,,0, is globally stable) and for the combinator dynamics (right
panel, where the uniform state £ is globally stable).

appears just as successful as its alternative when evaluated in its own dimension. ¢

4.3 Stable States

A state is Lyapunov stable if a population trajectory starting near it always remains close.

Definition 2. A state x* € A(A) is Lyapunov stable if for every neighbourhood U of x* there
is a neighbourhood V C U of x* such that if the initial state of a trajectory satisfies xo € V

then x; € U for all t > 0. A state is unstable if it is not Lyapunov stable.

As shown in Weibull, 1997, Section 6.4, every Lyapunov stable state is stationary. A
Lyapunov stable state is asymptotically stable if starting from every sufficiently close ini-

tial condition, the trajectories converge to that state.

Definition 3. A state x* € A(A) is asymptotically stable if (1) it is Lyapunov stable and (2)
there is an open neighbourhood U of x* such that all trajectories initially in U converge to

x*,ie.,xg €U = lim; oo x; = x*.

17



Finally, we say that state x* is globally stable if any trajectory initially in an interior state
converges to x*, i.e., x0 € Int(A(A)) = lim, X' = x*. It is well known that asymptotic sta-

bility of stationary states under the replicator dynamic is characterised by two conditions:

1. Internal stability: the payoff matrix restricted to the incumbent actions is (semi-)

negative-definite with respect to the tangent space.
2. External stability: The payoffs of external actions are lower than those of incumbents.

The strict variants of these conditions (i.e., negative-definiteness and quasi-strictness) im-
ply asymptotic stability, and their weak counterparts (semi-negative-definiteness and be-
ing a Nash equilibrium) are implied by asymptotic stability. This is formalised as follows.
Let J“ be the Jacobian matrix of the payoff function; that is, J* is a square matrix of size
| supp(x)|, where the ij-th element in the matrix is

duy(a)

(J)ai i = Ix(al) —u(a',a’) foralla’,a’ € supp(x),

where we arbitrarily order the actions in A as (a',d?, ..., all ).
Fact2. 1. Ifastate x is asymptotically stable under the replicator dynamics, then it satisfies

(a) weak internal stability: w7 -J"-w < 0 for every w € T ; and

upp(x)

(b) weak external stability: u, > u.(a) for every a ¢ supp(x).

2. A stationary state x is asymptotically stable under the replicator dynamics if the strict coun-

terparts of conditions (a) and (b) are satisfied.

We omit the proof of this well-known result (which is implied by combining Theorem
9.2.7, Corollary 9.4.2, Theorem 9.4.4, and Theorem 9.4.8 in Van Damme, 1991).

The results of this subsection characterise asymptotic stability under the combinator
dynamics. In order to do so, we first need to define the ii-Jacobian matrix and the payoff
of an external trait under the combinator dynamics.

For every state x, let J denote the Jacobian of the product-of-trait utility 7 at x (hence-

forth, the #i-Jacobian matrix); that is, J? is a square matrix of size |supp(x)|, where the ij-th
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element in the matrix is the partial derivative of i, (a;) with respect to x(a;):

Jiiy(a')

—=2  foralld',a’ :
x(al) or all a',a’ € supp(x)

3) (Jf>ai,aj =

For every state x and every external trait a; ¢ supp,(x), let u,(a,) be the payoff of trait a,
when interacting with traits in other dimensions, drawn according to x. Formally, define

the marginal frequency of a_; as x(a_;) = Yo ch ,X(ay,a_q). Then uy(ay) is:

uy(ag) = Z x(a_g) -u(ag,a_q).

a_y€A_y

In what follows we characterise the set of asymptotically stable states under the com-

binator dynamics in terms of two conditions analogous to Fact 2:
1. Internal stability: The #i-Jacobian matrix is (semi-)negative-definite.
2. External stability: The payoffs of external traits are lower than those of incumbents.

Our main result is, essentially, an if and only if characterisation of asymptotic stability.
Specifically, the strict variants of these conditions imply asymptotic stability, and their

weak counterparts are implied by Lyapunov stability.
Theorem 1. 1. Ifastate x* is Lyapunov stable under the combinator dynamics, then it satisfies

(a) Weak internal stability: w7 - J% -w < 0 for every w € Tyypp(y+); and

(b) Weak external stability against traits: uy > uy-(aq) for every ag ¢ suppz(x*).

2. A stationary state x* is asymptotically stable under the combinator dynamics if the strict

counterparts of conditions (a) and (b) hold.

Theorem 1 is a special case of Theorem 1’ that is formally proven in Appendix A.3. We

henceforth present the sketch of proof.
Sketch of proof for Theorem 1. (Special case of Theorem 1°).

1. (a) Suppose, for contradiction, that the i-Jacobian matrix J% is not negative semi-

definite. Then, there exists a state y with suppy C suppx*, such that (x* —y)'J& (x* —
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y) > 0. For small € > 0, the perturbed state ey+ (1 — €)x* yields a higher weighted
average product-of-trait utility # under y than under x*. By monotonicity in @

(part (i) of Proposition 1), the population moves away from x*, a contradiction.

(b) Suppose, for contradiction, that u,« < u,(d,) for some d, ¢ supp,(x*). Define y as
a distribution assigning positive mass only to actions with trait 4, in dimension
d. For such actions a, we define y(a) = x*(a_;). In the perturbed state ey + (1 —
€)x* for small € > 0, trait a; has payoff u,«(d,) that is strictly higher than u,:.
Due to trait monotonicity, this implies that the frequency of d, increases, and

that the population moves away from x*, a contradiction.

2. Assume to the contrary that x* is not asymptotically stable. Then for every € > 0
there is an e-nearby state ye (i.e., satisfying [ye —x*| < €) such that a population start-
ing at y. does not converge to x*. The fact that the ii—Jacobian matrix is negative
definite implies that yc(a) — x*(a) for every a € supp(x*) as € — 0. The inequality
Uy > uy(aq) for every ay ¢ supp,(x*), implies, due to trait monotonicity (Proposi-
tion 1) that the share of agents who play each external trait a; converges to zero.
Combining these facts, we see that the population converges from any sufficiently

nearby state ye to x*, which implies that x* is asymptotically stable. O

Next, we apply Theorem 1 to characterise stable states in two interesting special cases:
(I) pure states, and (II) interior states. Corollary 2 shows that a pure state a is stable iff the
payoff of a against itself is higher than the payoff of any “neighbouring” action (which

differs in a single trait) against a.

Corollary 2. 1. If a pure state a € A is Lyapunov stable under the combinator dynamics,

then u,(a) > uq(d),a_,4) for any dimension d € D and any trait a, € A,.

2. A pure state a € A is asymptotically stable under the combinator dynamics if u,(a) >
uq(al;,a_q) for any dimension d € D and any trait a4 # a), € A,.
Corollary 2 implies that, in Example 1, both 0,0, and 1,1, are asymptotically stable
(while 1,,0, and 0,,1, are unstable), and that all pure states in Example 2 are unstable.
Corollary 3 shows that an interior (full support) state x is asymptotically stable essen-

tially if and only if the /i-Jacobian matrix is negative definite.

20



Corollary 3. 1. If an interior state x* is Lyapunov stable under the combinator dynam-

ics, then w!Jw < 0 for every w € Tj.

2. An interior stationary state x* € A(A) is asymptotically stable under the combinator

dynamics if w! Jiw < 0 for every w € Tj.

Corollaries 2-3 follow immediately from Theorem 1. A simple numerical calculation
shows that the ii-Jacobian matrices of the unique interior stationary states in Examples 1

& 2 are (where we arbitrarily order the actions as (0,,0,,1,,0,,0,1,,1,,1,)):

-0.76 —0.06 —0.06 —3.72 —243 0 0 -—158
—-031 =341 —-0.62 0.46 0 -3 -1 0
—-0.31 —-0.62 —3.41 0.46 0 -1 -3 0
-3.1 0.08 0.08 —0.41 —-158 0 0 -243
Jacobian in Example 1 Jacobian in Example 2

The Jacobian in Example 1 (complementary improvements) is not negative definite
with respect to the tangent space (in particular, w’ JZw = 5.65 > 0 for w! = (1,0,0,—1)).
By contrast, the Jacobian in Example 2 (congestion-with-fit game) is negative-definite
with respect to the tangent space, which implies that £ is asymptotically stable. Thus,
a stable state may contain persistent payoff differences across actions, even though all

incumbent traits have equal payoff.

5 Recombinator Dynamics (Heterogeneous Environments)

In this section, we extend our model by allowing settings where some agents imitate
whole actions, while others combine imitated traits. Specifically, we assume that a share
of r € [0, 1] of the new agents combine imitated traits, while the remaining share of 1 —r
replicate entire actions. We call this parameter r the recombination rate. Formally, the

recombinator dynamics with parameter r are given by

4) xd)=(1- r))M +r[] *aa)ur(a) —x(a) (recombinator dynamics).
Ux deD Ux
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Observe that r = 0 coincides with the replicator dynamics, while r = 1 coincides with

the combinator dynamics.

5.1 Monotonicity

We define the r-utility in state x as follows:

(5) w(a) == (1—-r)-

ux(a) L [Taepx(aa) ) H ”xb<lad)_

Uy x(a) Jep  Ux

Next we extend Fact 1 and Proposition 1 and show that under recombinator dynamics for
all values of r: (1) the action dynamics are monotone with respect to the r-utility, and (2)

the induced trait dynamics are monotone with respect to the standard utility .

Proposition 1’. For r € (0, 1), under the recombinator dynamics:
1. The action dynamics are monotone with respect to the r-utility u:

>

~—

x(a))

x(a’)

~—

for every state x € A(A) and for every pair of actions a,a’ € supp(x).

2. The induced trait dynamics are monotone with respect to the standard utility u:

i(ag) _ *(d))
(aq) ~ x(d))

for every state x € A(A) and for every pair of traits ag,d, € supp,(x).

& uy(ag) > uy(a))

=

The proof idea is similar to Proposition 1. The formal proof is presented in Appendix A.1.

5.2 Stationary States

An immediate corollary of Proposition 1" is that a state is stationary iff all actions in its
support have the same r-utility u/:
Corollary 1°. State x is stationary under the recombinator dynamics with parameter r €

0, 1] if and only if u}(a) = u}(a’) for all a,a’ € supp(x).
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Proof. u(a) =u(a’) Va,a’ € supp(x) <~ f% = ﬁg:ﬁg Va,a’ € supp(x) <—
% =0 Va € supp(x) <= x(a) =0 Va € supp(x) <= xis stationary. O

Next, we show that a state is stationary if and only if (1) all traits obtain the same

payoff, and (2) all actions obtain the same r-weighted average of the relative action payoff

(i.e., the ratio “2) between the action’s payoff and the average payoff) and the trait-to-

Uy

acpx(aq) )
x(a) /°

Proposition 2'. A state x is stationary under the recombinator dynamics with parameter r iff

action frequency ratio (

1. uy(ayg) = uy for any dimension d € D and any trait a; € supp,(x), and

[ucpx(a
x(a)

1) — 1 for any a € supp(x).

2. Balance of payoffs and frequencies: (1 —r) "’;(f) +r

The argument is similar to Proposition 2. The formal proof is presented in Appendix A.2.

Example 2 (continued). We apply the recombinator dynamics with parameter r to Example
2. The symmetries between the two dimensions and between the two traits imply that
the unique stationary non-pure state x” is of the form x"(0,,0,) = x"(1,,1,) = 0.25+¢ and
x"(0p,1,) = x"(1,,0,) = 0.25 — g. Observe that: x"(0,,) = x"(1,,) = x"(0,) =x"(1,) =0.5, all
traits obtain the same payoff of 7 (i.e., uy (0,) = uy (0,) = (1) = uxr(1,) = 7), and the
average payoff in the population is u, =2-(0.25+¢)-8+2-(0.25—¢q) -6 = 7+ 4q. This
implies that x” satisfies condition 1 in Proposition 2. Condition 2 of Proposition 2’ is

satisfied if and only if

lz(l_r)uxr(OmOP)+rx’(0m)-xr(0p):(l—r)8+ 0.25r VA9 —dr+4-7r
o 2 (0,0,) T14q 025+q 1 8 ‘

Note that ¢ is decreasing in r, and that ¢(r = 0) = 0.25 and ¢(r = 1) = 0. The average
payoff in the population u,r = 7+ 4q is decreasing in r. The aligned actions 0,,0, and
1,,1, obtain a high payoff of 8, which is balanced by their low trait-to-action frequency

ratio of oggiq' The remaining actions 0,,1, and 1,,0, obtain a low payoff of 6, which is

balanced by their high trait-to-action frequency ratio of %. Thus, whole-action imi-

tation favours coherent high-payoff bundles, whereas component-wise imitation pushes

the state towards independent trait frequencies. ¢
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5.3 Stable States

Next, we characterise the asymptotically stable states under the recombinator dynamics.
The characterisation first requires us to define the r-Jacobian for internal stability and the
payoff of external traits u/ for external stability.

For every state x, let J; denote the Jacobian of the r-utility «} at x (henceforth, the r-
Jacobian matrix); that is, J] is a square matrix of size |supp(x)|, where the ij-th element in
the matrix is the partial derivative of u/(a;) with respect to x(a;):

du’(a’)

(6) ( ;)ai’aj = W for all ai,aj S supp(x).

Consider an invasion of state x by mutants bearing trait a; ¢ supp,(x). Under the com-
binator dynamics (r = 1), the invading trait a, interacts with the incumbent traits in other
dimensions according to the distribution x. By contrast, when r € (0,1), the distribu-
tion of trait profiles in other dimensions that interact with the invading trait (henceforth,
partners of the invading trait) converges towards a unique stable distribution of partners
Ny # x. Let supp_,(x) denote the trait profiles in all other dimensions except d that are in

the support of the population, i.e.,
supp_,(x) ={a_y €A_4|3d}, s.t. x(d);,a_4) > 0}.

The distribution ny¢ induces each type (ag,a_4) (Where a_, € supp_,(x)) with a fre-
quency that is an r-weighted average of two elements: (1) its own payoff times its own

frequency, and (2) the product of the frequencies of traits in a_.

Definition 4. Fix r > 0, a stationary state x, and a trait a; ¢ supp,(x). Then ny? € A(supp_,(x)),
which we call the stable partner distribution of trait a4, is the unique solution to the follow-

ing set of |supp_,(x)| equations, one for every a_,; € supp_,(x):

N(a_q)ux(aqz,a_q)
7 _g)=(1— + r).
(7) n(a_q)=(1-r) Yo o o M@ (gl ) rdl;[dx(ad)
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We begin by showing that the stable partner distribution is well-defined. '

Proposition 3. Equation (7) admits a unique solution in A(supp_,(x)) for any r > 0, stationary

state x, and trait ag ¢ supp,(x).

Proof. The resultis immediate when r =1 (in which case 17(a_y) =144 x(a4)). We hence-
forth assume that r < 1. A solution for Equation (7) clearly exists by Brouwer’s Fixed
Point Theorem. To prove uniqueness, we will show that, for a given r, x, and a4, there is

a unique zp > 0, such that every solution 1 of Equation (7) satisfies

Y n(a_gudlag,a_g) = 2.

a_gesupp_y(x)

Assuming that this holds true, substituting zo back into Equation (7) we obtain

Maa) = (1 M2 Y ),
0 d'#d

for every a_,; € supp_,(x), which clearly has a unique solution. As this must hold for
every solution 7, uniqueness follows. To prove the existence of such a z¢, for every a_,

and each z > (1 —r)uy(ay,a_,4), define n;(a_,) by:

z-r-[yrax(aq)
Z— (1 — r)ux(ad,a,d) '

(8) n:(a_q) =

Let 7= max, ,cqupp_,(x) ((1—r)ux(aq,a_q)). Observe that n.(a_,) is well-defined for
every a_g € supp_,(x) and each z > z. Further observe that n;(a_,) is decreasing in z for

every a_g, hence the sum h(z) = Y n.(a_y) is decreasing. Letting z — 7 from above
a_gesupp_y(x)
gives h(z) — oo in the limit, and in contrast as z — o one obtains

h(z)—r ) [ x(ar)=r<1.

a_qesupp_y(x)d'Ad

It follows that there is a unique zp > z > 0 such that i(z9) = 1. Given a solution n of

10 Appendix A.3.5 gives a method to approximate numerically the stable partner distribution. We show
that the stable partner distribution is the globally asymptotically stable equilibrium of some dynamics.
Thus, one could compute it by simulating these dynamics.

25



Equation (7), if we set z = y n(a_q)ux(aq,a_y) then solving the equation for n we
a_gesupp_y(x)

obtain 1) = n,. Furthermore, z = zp by the uniqueness of z. O

The fact that the partner distribution of an invading trait converges to a stable distri-

bution (as shown in the proof of Theorem 1’) allows us to define the payoff of an invading

trait as the weighted average of the actions carrying this mutant trait, where the weights

are distributed according to the stable distribution of partners.

Definition 5. Fix a stationary state x and recombination rate r. The payoff of an invading

trait ay ¢ supp,(x) is defined as:

) wy(ag) = ) v (a—g) ux(ag,a—q) .
a_gesupp_y(x)
The stable partner distribution is degenerate if the stationary state is homogeneous
(pure). The following example demonstrates the stable partner distribution for a hetero-

geneous stationary state in a setup with specialised and versatile traits.

Example 3 (Specialised and versatile traits). There are two dimensions. In the first dimen-
sion (m), a player chooses a position, either 0,, or 1,,. In the second dimension (p), the
player chooses one of three traits: a trait specialised for 1,,, denoted 1,; a trait specialised
for 0,,, denoted 0,; or a versatile trait, denoted v,. The payoff is the sum of two compo-

nents:

1. dimension-m congestion: ten times the share of players choosing the other trait in

dimension m; for example, choosing 1,, contributes 10-x(0,,) = 10- (1 —x(1,,)).

2. cross-dimensional fit: a payoff of 5 is added when a specialised trait in dimension p is
paired with its matching trait in dimension m, 1,,1, or 0,,0,; a payoff of 1 is added
when a specialised trait is mismatched, 1,,0, or 0,,1,; and a payoff of 4 is added

when the versatile trait v, is used.

The example captures a stylised trade-off between specialisation and versatility. A spe-

cialised trait performs very well in one coherent configuration but poorly when recom-
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Table 2: Payoff Matrix for Example 3 (Specialised and Versatile Traits)

OI’I’l O[J Oﬂl ] ]7 OITL Vp ] I‘I‘LO]) 1 m ] [7 ] m Vp
5 1 4 11 15 14
0m0p | 5 5 5 15 15 15
5 1 4 11 15 14
Omlp | 1 1 1 11 11 11
5 11 4 11 15 14
Omvp | 4 11 4 14 14 14
15 11 14 1 5 4
1n0p | 11 11 11 1 1 1
15 11 14 1 5 4
lnlp | 15 15 15 5 5 5
15 11 14 1 5 4
Lavp | 14 14 14 4 4 4

bined with the wrong partner trait. A versatile trait performs moderately well across
configurations.

The payoff matrix is presented in Table 2. Consider the stationary state x* that assigns
equal mass of 0.5 to 1,,v, and 0,,v,. Consider an invasion of this population by a small
mass of agents carrying the trait 0,. Substituting the example’s parameters in Equation

(7) yields the following partner distribution for the invading trait 0, as a function of r:

VAR —r+1-2r41
— 5 .

107(0,,) 2= 0 (0,)(r)

0 1(0n) = =r)yG o 6 —non) T2 = ™

Observe that n)?f (Omm)(r) is decreasing in r, n)?f (0m)(0)=1, nff(Om)(%) =3,and nff(Om)(l) =
0.5. The payoff of the invading trait 0,, is

u

5(0,) = N (P (Om) -t (0m0p) + 17 (1) (L) - e (1n0,) = N7 (1) (Op) - 1040 (F) (1) - 6,

which is larger than incumbents’ payoff u,« = 9 if and only if ngf (r)(0y) > % — r< %.
Hence the stationary state x* is stable against an invasion of trait 0, if » >  and unsta-
ble if r < ;. Moreover, numerical calculations show that for r > 1, state x* is globally
stable, i.e., the population converges to everyone having the versatile trait and receiv-

ing the same payoff of 9, starting from any interior state. By contrast, when 0 < r < 1
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the numerical calculations show that the environment admits a globally stable state x”
in which the versatile trait is extinct and incumbents with a high payoff of 10 coexist
with those receiving a low payoff of 6. (Specifically, (0,,0,) = £"(1,,1,) = 0.25+¢ and
£(0p1,) = #(1,0,) = 0.25 — g, where g(r) = YAr=r+1=2r ) ¢

Next we extend Fact 2 and Theorem 1, and characterise the set of asymptotically stable

states as stationary states that satisfy the following three conditions.
1. Internal stability: The r-Jacobian matrix is (semi-)negative-definite.

2. External stability against traits: The payoffs of traits outside the support are lower

than the payoffs of the traits of the incumbents.

3. External stability against actions: The payoffs of actions outside the support are at

most —— times higher than the average payoffs of the incumbents.
—r & ge pay

Our result is, essentially, an if and only if characterisation of asymptotic stability.
Specifically, the strict variants of these conditions (i.e., negative-definiteness and strictly
lower payoffs of external traits/actions) imply asymptotic stability, and their weak coun-
terparts (semi-negative-definiteness and weakly lower payoffs of external traits/actions)

are implied by Lyapunov stability (which is implied by asymptotic stability).

Theorem 71’.

1. If a state x* is Lyapunov stable with recombination rate r, then it satisfies

(a) Weak internal stability: w7 -J.w < 0 for every w € Tyypp(x+)-
(b) External stability against traits: uy > ul.(aq) for every ag ¢ supp,(x*).
(c) External stability against actions: uy > (1 —r)uy(a) for every a ¢ supp(x*).

2. Astationary state x* is asymptotically stable with recombination rate r if it satisfies the strict

counterparts of conditions (a)—(c).

Next we sketch the proof for Part (c) of Theorem 1’. The arguments for the remaining

parts are similar to those of Theorem 1. See Appendix A.3 for the formal proofs.

28



Sketch of proof for Part (c) of Theorem 1’. Consider an external action & ¢ supp(x*). Consider
the slightly perturbed state following an invasion of a few agents who play a: (1 —&)x* +
ea. If uy < (1—r)ue(a), then ue < ul.(a), which implies, due to Proposition 1’, that the
share of agents playing action & keeps growing, and hence that the population moves
away from x*. By contrast, if u,« > (1 —r)u, (), then u,- > . (&) for a sufficiently small &,

which implies, due to Proposition 1, that the share of agents playing action a shrinks. [J

Next we apply Theorem 1’ to characterise stable states in two interesting special cases:
(I) pure states, and (II) interior states. Corollary 2" shows that a pure state a is asymp-
totically stable essentially iff the payoff of a against itself is higher than (1) the payoff of
any "neighbouring" action (which differs in a single trait) against a, and (2) 1 —r times the

payoff of any action (which might differ in multiple traits).

Corollary 2’

1. If a pure state a € A is Lyapunov stable with recombination rate r, then:

(a) uq(a) > uq(d,,a_q) for any dimension d € D and any trait a), € Ag, and
(b) uq(a) > (1—r)-uq(a’) for any action a’ € A.

2. A pure state a € A is asymptotically stable with recombination rate r if it satisfies the strict

counterparts of conditions (a)—(b).

Example 1 (revisited). Corollary 2" implies that any strict Nash equilibrium is asymptot-
ically stable for every recombination rate r. Thus 1,,1, is asymptotically stable for all
values of r. The action 0,0, yields a higher payoff against itself than both neighbour-
ing one-trait deviations, 0,1, and 1,,0,. It is asymptotically stable if 5 = ug,,0, (0m0,) >
(1 =r)uo,0,(lnlp) =6(1—r) <= r> ¢, and it is unstable if r < ¢.

Corollary 3’ shows that an interior (full support) state x is asymptotically stable essen-

tially if and only if the r-Jacobian matrix is negative definite.

Corollary 3’

1. If an interior state x* is Lyapunov stable with recombination rate r, then w’J..w < 0 for

every w € Ty.
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2. An interior stationary state x* € A(A) is asymptotically stable with recombination rate r if

w!lJ.w < 0 for every w € Ty.

Corollaries 2’-3" follow immediately from Theorem 1’.

6 Application to Organisational Decision-Making

This section applies the theoretical model to organisational decision-making. In the or-
ganisational interpretation, a player is an organisation, an action is a bundle of practices
or decision components, and a trait is the component chosen in one domain.

Organisations frequently take complex decisions, such as setting strategic goals, that
span multiple dimensions. Each dimension is typically overseen by a different division
(e.g., marketing, product design, HR, logistics), with employees from backgrounds in
marketing, engineering, and business. Moreover, it is rare for top management to have
expertise in all areas, from technical production to business strategy (Gibbons and Hen-
derson, 2013). The combinator dynamic is plausible when complex decisions are decom-
posed across subunits, so that adaptation is decentralised and component-wise rather
than fully coordinated (see, e.g., Hortagsu et al., 2024).

Next we revisit each of our three examples, and we present them with an organisa-
tional decision-making interpretation. Example 1 can be interpreted as a stylised model
of complementary organisational change, where the two dimensions can refer to mar-
keting (m) and product design (p). The payoffs capture the idea that adopting a single
component of a new system may have little value, or may even reduce performance,
while adopting the full bundle is valuable. This is a standard theme in the literature on
complementarities in organisations (Brynjolfsson and Milgrom, 2013). Empirical work
on information technology (Bresnahan et al., 2002), human-resource management (Ich-
niowski et al., 1997; MacDuffie, 1995), and enterprise-system implementation (Davenport,
1998; Scott and Vessey, 2002) provides concrete settings in which the value of one practice
depends on the presence of complementary practices.

We interpret Example 2 as a mechanism for persistent performance differences. Each

practice may appear locally acceptable when evaluated within its domain, even though
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the resulting bundle is low-performing because the components do not fit together (i.e.,
the marketing trait does not fit well with the product design trait). This interpretation is
closely related to activity-system views of strategy (Porter, 1996) and to the evolution of
fit among organisational choices (Siggelkow, 2002). It also speaks to the broad empirical
fact that productivity and management performance differ persistently across firms and
establishments (Syverson, 2011; Bloom and Van Reenen, 2007). Evidence from a field ex-
periment in Indian textile plants shows that improved management practices can have
large productivity effects and can diffuse slowly (Bloom et al., 2013). The example offers
a dynamic explanation for why locally evaluated components need not eliminate perfor-
mance dispersion.

Example 3 can be interpreted as a stylised model of specialised versus versatile organ-
isational traits. A specialised practice may perform very well in one coherent configura-
tion but poorly when recombined with mismatched components. A versatile or modular
practice may perform reasonably well across a wider range of configurations. This in-
terpretation is consistent with work on architectural innovation (Henderson and Clark,
1990) and modularity (Baldwin and Clark, 2000). In the model, component-wise recom-
bination can make versatile traits attractive because they remain relatively robust when
paired with different components. Whole-action imitation, by contrast, can sustain spe-
cialised high-performing bundles when coherent configurations can be recognised and
copied.

The recombinator dynamics (Section 5) have a natural organisational interpretation
as heterogeneity in coordination capacity. The whole-action imitation part of the dy-
namic corresponds to organisations that are able to recognise and adopt coherent bun-
dles of practices. The trait-wise part corresponds to organisations in which learning is
more decentralised and proceeds component by component. This interpretation is in the
spirit of span-of-control and authority models (Lucas, 1978; Rosen, 1982) and is consistent
with empirical evidence that managers affect organisational policies and performance

(Bertrand and Schoar, 2003; Bandiera et al., 2020; Bennedsen et al., 2020).
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7 Conclusion

This paper explores how multi-dimensional decision-making impacts strategic choices.
It introduces the concept of combinator dynamics, where agents evaluate traits indepen-
dently across different dimensions and combine them to form actions. This approach
contrasts with traditional replicator dynamics, where agents imitate entire actions. The
paper demonstrates that combinator dynamics can lead to different outcomes in terms
of monotonicity, stationarity, and stability of states. It highlights that while traits with
higher payoffs grow at a higher rate, this does not necessarily hold for multi-dimensional
actions.

Through examples, the paper illustrates key insights of the combinator dynamics.
First, the combinator dynamic can lead to suboptimal outcomes due to the difficulty of
coordinated changes. Second, the combinator dynamic can produce stable states in which
all traits have the same payoff even though the resulting actions have different pay-
offs. The application to organisational decision-making illustrates one setting in which
the model is useful. Organisations often decompose complex decisions across domains,
and local adoption of apparently successful practices can generate bundles whose com-
ponents do not fit well together.

Our extended model of heterogeneous environments (recombinator dynamics) allows
some players to imitate entire actions while others combine imitated traits. We show that
in such environments, the stability of actions depends on the balance between the payoffs
of actions and the frequency of traits. This induces a trade-off between specialisation and
versatility of traits.

There is significant scope for future research to expand our theoretical framework in
several intriguing directions. These include developing a multi-population version of
the recombinator dynamics, establishing microfoundations through revision protocols,
and exploring parallel models based on other evolutionary dynamics, such as best reply,
logit, and Brown-von Neumann-Nash. Additionally, our current model assumes that
the division of the action set into different dimensions is exogenous. It would also be

of great interest to investigate a more comprehensive model where the dimensions are
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endogenous, shaped by the game’s payoffs and the compatibility between different traits.

A Appendix

A.1 Proof of Proposition 1’
We rewrite the recombinator dynamics of Equation (4) in terms of the r-utility ) defined
in Equation (5):

(11) @) -,

Part (1) of Proposition 1" now follows immediately from Equation (11).
We turn to prove part (2). Fix any trait a, in the support of x (i.e., x(az) > 0). Let us

slightly rewrite Equation (4) from the perspective of a particular trait a,:

(12) Hagag) = (1 r) 02003 MGG T ()~ aga o)
x Uy d'Fd

Dividing Equation (12) by x(a;) and summing over all a’ , € A_, yields the following

trait-centric recombinator dynamics:

(13) X(ad): Z X(ad’a_d):(l_r)ux(ad)‘f‘#ux(ad) Z Hx(aii’)”x(aii’)_l

Ha) g5, ) o g

= uy(ay) ((lb;’") n % Z H x(a;,)ux(a;/)> — L

Uy ol jeA_yd'#d

Part (2) is now implied by the fact that replacing a; with a), in the right-hand side of

Equation (13) leaves the expression between the round brackets unchanged. O

A.2 Proof of Proposition 2’

Observe that (1) and (2) jointly imply that u};(a) = 1 for every a € supp(x), which implies, by

Proposition 1, that x is stationary. For the other direction, suppose that x is stationary. By
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Equation (11) from the proof of Part (1) of Proposition 1’ the stationarity of x implies that

r

Uy

(a) =1 for every a € supp(x). By Part (2) of Proposition 1’ the stationarity of x implies
that u,(a;) = u, for every d and a, € supp,(x). Substituting this equality in the definition

of u(a) (Equation (5)) implies that (1 —r) u(@) | pHlagcax(ea)

Uy x(a)

=1 for any a € supp(x).

A.3 Proofs of Theorem 1’
A.3.1 Proof Outline

The proof of Theorem 1" proceeds as follows. We consider three different cases. The first
case involves the dynamics of actions in the support of an equilibrium. The second case
involves actions that have traits outside the support in multiple dimensions. The third
and last case involves actions that have traits outside the support in a single dimension.

For each case we begin by considering the linear approximation of the dynamics near
an equilibrium. In the first case we obtain a condition akin to that of the replicator dy-
namics, hence internal stability allows us to prove local stability. In the last case we show
that the approximate dynamics is given by a diagonal matrix, and external stability for
actions implies negative values along the diagonal.

The most challenging case is the second one. We first show that the linearisation of
the dynamics there can be presented as linear dynamics over components whose part-
ners have positive proportion in equilibrium plus some “external force” emerging from
the interaction with actions with unsupported partners. It turns out that if the linear
component over supported partners is negative definite then the dynamics as a whole is
stable. To prove that it is indeed negative definite we introduce the notion of ‘partner
dynamics” and prove that these dynamics lead to a unique stable equilibrium which is in
fact the stable partner distribution introduced in Equation (7). We then use this fact to

show the negative definiteness of the original linearisation.

A.3.2 The Linear Approximation

We consider in this section a linear approximation of the recombinator dynamics around

a stationary state x*. The Lyapunov-Poincaré Theorem (Bellman, 1964, page 41) implies
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that the stability properties of the recombinator dynamics at a stationary state x* will be
implied by the stability properties of its linear approximation around the state x*.

1. Internal Stability. Note that if one restricts attention to supp(x*) then the recombina-
tor equation is a replicator-like equation with respect to the r-utility field »” (in the sense
that the form f% = u(a) — 1 relates ;% on one side of the equation to a function of a on

the other side). Hence expanding around x* we obtain, since Y  x(a)ul(a) =1, that

acsupp(x)
(neglecting terms that are O(||x —x*||?) for any a € supp(x*)):
. * au;* (a) / * (o * r / * (o)
(14) i(a)=x"(a) ) A (@) -x@)=x"(a) ), (U)aax@)-x"(@)).
e dx(a’) e
a’esupp(x) a’esupp(x)

From Equation (14) it is immediately clear that it is sufficient for J.. to be negative
definite (with respect to the tangent space) for local asymptotic stability of the dynam-
ics of x(a) for a € supp(x*) to obtain. In the other direction, suppose that x* is Lyapunov
stable. Then J/. must be negative-semi-definite: any positive value would initiate a trajec-
tory that would eventually carry the state of the population away from x*, contradicting
Lyapunov stability.

2. External stability against actions. Next consider a type a ¢ supp(x*). Note that as the
combinator part of the recombinator equation is a product of averages over traits a4, the
linear factors are obtained by actions a’ such that x*(d;) = 0 for a single value of d, namely:
only for actions in which only one of their traits is outside the support of x*.

If a € A has multiple traits outside supp(x*), we obtain the approximate linear dynamic

(neglecting terms that are O(||x —x*||?))

u_x*

(15) i(a) = x(a) <(1 @) 1) .

It is clear from Equation (15) that it suffices for (1 — r)”x;—(f) — 1 < 0 for the weight of a to
be reduced asymptotically (at an exponential rate), hence the same condition suffices for

the local asymptotic stability of x restricted to neighbouring actions to hold. In the other

Uy (a)
Uyx

direction, if (1 —r) — 1> 0, then Lyapunov stability cannot obtain, as the weight of

a ¢ supp(x*) increases, carrying the population away from x*.
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3. External Stability Against Traits. We first consider the proof of Theorem 1’ for this
part. Assume the dynamics is Lyapunov stable and that external-stability-against-traits

does not hold, namely that u’.(d;) — uy» > 0 for some d, ¢ supp,(x*). Define ﬁfﬁ €A(A):

i N (a_q) aq=dganda_g € supp_y(x*)
nx* (Cl) =
0 otherwise

Consider a perturbed state x = x; = (1 — €)x* + eﬁfﬁ for sufficiently small € > 0. Then

ay € supp,(x) as x(dy) = €, and

= Y wl(asa)n¥(a_q).

a_4€A_y
Considering the last term, u,(d,) is sufficiently close to ul.(d,) for every sufficiently small
€ > 0 and therefore u,(d;) > uy+. As dy € supp,(x) it follows from the monotonicity property
proved in Proposition 1’ that, for every sufficiently small ¢, if the trajectory is initialised
at the perturbed state x¢, namely x° = x,, then the weight x(d,) increases monotonically,
hence moving the population away from x*, contradicting the assumption of Lyapunov
stability.

The proof of local stability (part 2 of Theorem 1°) for this case is more involved and
will be carried out in several stages. As before, we begin with the linear approximation
for traits a, in dimension d. Suppose that a_; € supp_,(x*), while (ay,a_;) & supp(x*). The
linear approximation for the equation of motion for a_; € supp_,(x*) is (neglecting terms

that are O(||x — x*||?))

(16) X(ag,a-q) = (1 —r)wx(ad,a_d)
Uy
r %
+— H x*(ag) Z uy(ag,a’ y)x(ag,a’ ;) —x(ag,a_g).
Ut za a €Ay
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Note that if a’ ; & supp_,(x*) then

u

! / 0 / (Ur)ux*(aia/d)l)’
(17) X (ag,a_y) =x"(aq,a_,)e ,

where x” represents the initial state and ¥’ the state at time ¢ > 0. Hence, setting

r

U, x

((1_,)WW_1>,
[Tx@) Y el )2(asal e )
Ut drza a’_ #supp_y(x*)

fad([) =

We can rewrite Equation (16) for a_,; € supp_,(x*) as

(19) tlaag)= (-0 g 0

r
+ H X*(ad') Z ux*(adva,—d)x(ad7a/—d) —X(ad,a,d>+fad(l),
Uyt d'#d a’_,esupp_,(x*)

noting that [;° f,, (s)ds < eo.
Consider the matrix A% indexed by elements a_g4,a’ ;, € supp_,(x*) given by (which

presents Equation (18) for a fixed a, in matrix form):

(0 a1

aqg o ! x

(19) A o = N * o
ngdx (aq), a_g#a_,

Using A%, and letting f(z) be the vector whose entries equal f,,(t), Equation (18) can be

rewritten more compactly as

(20) X(ag,-) = A%x(aq,-) + £ (1),

where [;°||f(s)||ds < e. The following lemma is then a direct corollary of Brauer (1964,

Theorem 2):

Lemma 1. If A% is negative definite then all the solutions of Equation (20) tend to 0 as t — oo,
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and 0 is in fact Lyapunov stable.

Proof. We prove Lemma 1 by applying (Brauer, 1964, Theorem 2). First we notice that
Equation (20) has the form of (Brauer, 1964, Equation (1)). Indeed, in terms of (Brauer,
1964, Theorem 2) and (Brauer, 1964, Equations (5) and (9)), set A = A%, f(t,y) = fa, (1),
and p(t) = 0. Therefore, it is sufficient to prove that if A = A% is negative definite then
||| < Ke™°! for some o > 0. This is an immediate corollary of the implication (3) = (2)

in Chicone (1999) (Chicone, 1999, Theorem 2.34). O

Lemma 1 shows that to complete the proof we should show that A% is negative def-
inite. We will do that in the following section by introducing the notion of partner dis-
tribution and showing how it may be used together with the reduction above to prove

stability.

A.3.3 The Partner Distribution and the Proof of the Main Results

We now begin to examine the negative definiteness of A%. To prove this, it will be suf-
ficient to prove that x(ay,-) = 0 is locally stable for the differential equation x(ay,-) =
A%x(aq,-), which by definition is the same as Equation (18) with the terms f,, (r) neglected.

First, sum Equation (18), neglecting the terms f;,(¢), over a_; € supp_,(x*):

Y  x(ag,a_q)ux(ag,a—g)
o) ) — (1 — ) )
Uy
)y Uy (adya/_d)x(adaal_d)
a’_ esupp_,(x*)
—x(ay).
Uy
Consider the partner distribution y(a_y) == x(i”(’(;;d) for a_, € supp_,(x*), which is the

ratio of the distribution of a, to the weight of a, at state x. Define the normalised marginal
trait-to-partner payoff uy(aqly) = )y y(a,d)w. From Equation (21) we ob-
a_gesupp_g(x*) '
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tain the differential equation:

X(aqg) = (1 —r)uy-(aqly)x(aq) + rue(aqly)x(aq) — x(aq)
(22) = (uy+ (aqly) — 1)x(aq)

0 in an open neighbourhood of x* the partner

Lemma 2. Suppose that for every initial condition x
distribution y' — 1 ast — oo and furthermore uy-(ag|ned) — 1 < 0 as implied by external stability

against traits. Then x(ay) = 0 is a locally stable equilibrium of Equation (22).

Proof. There is a C > 0 and time #p > 0 such that for every 7 > 7y we have u,+(a4|y') — 1 <

—C < 0. Integrating Equation (22) we have, for some constant M and every ¢ >’ >
(23) x’ (ad) = Mefzt/(ux* (aqly’)—1)ds < Me*C(l‘ft')'

Taking t — o implies the lemma. O

We have thus shown that if the flow of the partner distribution y (as given by the
solution of the differential equation X(ay,-) = A%x(ay,-)) converges to the stable partner
distribution for every initial state near x* and furthermore external stability against traits
holds, then stability follows in this case as well.

In the last two sections of this appendix, we will show that the partner distribution
follows a certain dynamic and that this dynamic has the stable partner distribution as a

unique globally stable equilibrium, which will finish the proof of Theorem 1’.

A.3.4 Partner Dynamics

In this section we prove that the partner distribution, as defined by the solution of the
differential equation X(ay,-) = A%x(ay,-), satisfies a first-order differential equation. We
call it the partner dynamics. In the next and final section we will prove that the stable
partner distribution is the unique globally stable equilibrium of the partner dynamics.

Since y(a_g4)x(ag) = x(ag,a_4) one has y(a_z)x(ag) +y(a_g)%(ag) = X(aq,a_4). Dividing
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by x(a4) and rearranging we obtain

(24) y(a-g) = x‘—(a(é’ad) —Y(a—d)x(ad)-
x(aq)

Substituting this into Equation (18) (neglecting the f,,(¢) term), and considering the nor-
_u *( )

malised payoff u,(a) = we obtain

(25)  y(a_g) = (1 —r)u(ag,a_yg)y (H X" (agr ) «(aaly) —y(a_a)ur(aqly),
d'#d

where, by definition u,-(a4ly) = y Uy (ag,a’ ,)y(a’ ).

' esupp_,(x*)
Going back to Lemma 2 in Appendix A.3.3, we are only left to prove that the partner

dynamic is globally stable and that y* — 1 as t — o, where 1;¢ is the stable partner

distribution. We prove this in the next section, Appendix A.3.5.

A.3.5 Global Stability of the Partner Dynamics
Recall that for a trait a; and an associated partner distribution y € A(supp_,(x*)) we de-

fined the partner dynamics as

26)  y(a_g) = (1= (ag,a_a)y(@_q) +rue(agly) [T ¥ (aa) —y(a_a)ur(agly),
d'Ad

where i (a) = == (:1). Abusing notation (or alternatively, normalising the payoff units by
the factor u,~) we will henceforth denote u,-(a) instead of iy (a).

Note that 7 is a stationary point of these dynamics if and only if

(27) (1— )ux*(ad7a d —|—er ad/ a d):O,

which means that stationary states of the partner dynamic of a trait correspond to the
stable partner distribution as defined in Definition 4.

We now turn to prove the global stability proposition. First notice that the sign of the
right-hand side of Equation (26) is the same as that of the left-hand side of Equation (27).
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Fixing a_4, let n° be a distribution satisfying n°(a_4) =0, and for t € [0,1] set n’(a_y4) =1¢
and n'(a’ ;) = (1-1)n°@’" ) for a’ ; # a_,. Plugging 1’ instead of 71 into Equation (27)

we obtain the equation

tu(ag,a_
(28) (1= r)tux* (ag,a_q) -(F (dl i;;) (aqIn?) + rdll;ldx ar)~1=0.
Notice that the left-hand side of this last equation, which we denote g, ,(¢|n°) or g(t) for
short, is either a concave or a convex function of ¢. Furthermore, g(0) =r /H x*(agq) >0,
and g(l)=1—r+r H x*(ag) —1 < 0, which implies that g changes sign e;l(:gtly once for
every choice of distjiﬁition n°.

Denoting the left-hand side of Equation (27) by Ha_,(n), we can now deduce that the
sets V,f = {n:H, ,(n)>0}and V, = {n:H, (1) <0} are two open, disjoint, and
connected sets. If n(a_;) =0 we have Ha_d(n) >0,and if n(a_;) =1 wehave H, ,(n) <0.
We deduce that [n'(a_ys) — 1 (a_4)| decreases monotonically to 0 regardless of the initial
point n°, hence the dynamics satisfy the property of Lyapunov stability.

Furthermore, let n* be a limit point of the dynamic, namely, suppose that there is

a sequence f, — oo such that y» — n*. Then it must hold that H, ,(n*) = 0 for every

a_4 € A_y4, hence by the uniqueness of 1 we have n* = 1.
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