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We study doctor–hospital matching markets with contracts, in which5

hospitals can offer a range of contract terms to doctors. We show that intro-6

ducing new terms can reduce doctors’ welfare, whereas withdrawing terms7

may generate a Pareto improvement. We establish the preference domains8

under which welfare is preserved and show that only agent-lexicographic9

preferences for all agents ensure that no doctor is worse off when additional10

terms are introduced. Since this condition is rarely satisfied in practice, our11

results imply that most real-world markets are vulnerable to welfare losses12

when the set of contract terms expands.13

Keywords: Matching with contracts; Stability; Contract terms; Welfare;14

Agent-lexicographic preferences.15

JEL Classification: C78, D47, D71, D86.16

1 Introduction17

Contract terms play a crucial role in many matching markets. In labor markets,18

workers are assigned shifts and earn salaries; doctors are assigned to special-19

ties within hospitals; and cadets are allocated to military branches. Some terms20
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are regulated—such as minimum wages, pay scales, or legal limits on working21

hours—while others are determined at the discretion of hospitals or firms, for ex-22

ample when they choose which specialties to offer, how to structure working hours,23

or whether to allow remote work. In both decentralized and centralized mar-24

kets, hospitals and firms may introduce new contract terms either autonomously25

or when institutional or regulatory changes authorize additional options—for in-26

stance, newly permissible shift structures, part-time positions, or night-work ar-27

rangements. These expansions increase contractual flexibility and directly shape28

participants’ welfare. Despite the frequency and policy relevance of such changes,29

their welfare consequences remain poorly understood. This raises a fundamental30

question: does expanding the range of available terms always improve welfare?31

For concreteness, we adopt the terminology of doctors and hospitals, although the32

results apply to other matching environments such as school choice and housing.133

Across markets—whether organized through centralized clearinghouses such as34

the National Resident Matching Program (NRMP) or through decentralized in-35

stitutions—the set of available contract terms is shaped by legal, institutional, and36

organizational factors. In the NRMP, for example, the clearinghouse determines37

which contract dimensions are standardized across hospitals.2 In decentralized38

labor markets, hospitals choose which terms to offer—such as new specialties,39

non-wage amenities, or compensation schemes—subject to similar constraints.40

Among the various contract dimensions, salary has attracted particular attention.41

An antitrust case investigated residency pay practices and, although ultimately42

dismissed, reinforced the standardization of salaries across programs and special-43

ties.3 Such constraints are prevalent in many matching markets, limit the scope44

for salary adjustments, and may prevent the existence of competitive equilibria.45

To analyze the effects of adding contract terms when salaries or other dimensions46

1In school choice, contract terms may represent tuition fees or students’ chosen academic
pathways, whereas in housing markets they may reflect factors such as the rent amount.

2The NRMP processes over 48,000 applications for 38,000 positions annually across
more than 60 subspecialties, which may naturally be modeled as contract terms
(https://www.nrmp.org/).

3See Bulow and Levin (2006), Kojima (2007) and Niederle (2007) for discussion. Residency
salaries, typically around $40,000 per year, were criticized as compressed across programs and
specialties relative to those of more senior physicians, despite working hours of up to 80 hours
per week.
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are constrained, we rely on the concept of stability and adopt the many-to-one47

matching with contracts model (Hatfield and Milgrom 2005). Stability yields al-48

locations that are immune to mutually beneficial deviations and is therefore a49

natural equilibrium notion in environments where contracts are formed through50

bilateral negotiation rather than price competition. Although introducing new51

contract terms expands doctors’ opportunities, additional terms may intensify52

competition for desirable positions. As a result, while increased contractual flex-53

ibility can improve doctors’ welfare,4 it may also reduce it. Using an illustrative54

example in which additional terms represent higher salary levels, we first show55

that doctors’ welfare may decrease even when the new terms are introduced si-56

multaneously at all hospitals and lie on the Pareto frontier. We then show that57

the same effect can arise when only a single hospital introduces an additional58

term. This demonstrates that the potential welfare loss does not stem from the59

centralized or coordinated nature of the intervention, but from the expansion of60

the feasible set of allocations. The intuition is that new terms enlarge the set of61

feasible allocations, potentially blocking previously stable ones and forcing some62

doctors to accept less-preferred contracts to secure placement.63

Our first theorem establishes the connection between stable allocations before and64

after the addition of contract terms. Specifically, it shows that if an allocation is65

stable after new terms are introduced and was feasible—that is, the terms used66

in its contracts were already available at the corresponding hospitals—then it67

was also stable prior to the introduction of these terms. This result also implies68

that withdrawing unused terms from a stable allocation preserves stability. At69

the doctor-optimal stable allocation, the resulting allocation is either a Pareto70

improvement for doctors or identical to the original one. However, we identify71

two limitations to this approach. First, the Pareto improvement is not always72

possible. Second, when hospitals’ preferences satisfy the classical law of aggregate73

demand, it is impossible to strictly improve all doctors’ allocations, and therefore74

adding terms cannot strictly reduce all doctors’ welfare.75

We then analyze conditions on agents’ preferences that prevent welfare reductions76

4Adding contract terms has a different impact than adding agents. Crawford (1991) shows
that introducing a new hospital weakly improves doctors’ welfare at the doctor-optimal stable
allocation, with a strict improvement for some doctors if the new hospital is assigned.
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when new terms are introduced, aiming to identify which markets are susceptible77

to this phenomenon. We show that traditional approaches based on acyclic pref-78

erence structures (Ergin 2002) do not rule out welfare reductions. Instead, our79

results indicate that only agent-lexicographic preferences (Pakzad-Hurson 2023),80

imposed on both sides of the market, prevent welfare losses when new terms are81

added. Under such preferences, the primary criterion for ranking contracts is82

the identity of the hospital or doctor, while contract terms serve only as a sec-83

ondary criterion. This condition defines the maximal domain for which welfare84

reductions are prevented: if any agent—doctor or hospital—does not have agent-85

lexicographic preferences, a reduction in welfare can occur. If hospitals’ prefer-86

ences are agent-lexicographic but doctors’ are not, additional terms may attract87

a doctor who is preferred by a hospital to one of its previously employed doctors,88

thereby reducing the welfare of the latter. Conversely, if doctors’ preferences are89

agent-lexicographic but hospitals’ are not, hospitals may introduce new terms they90

consider preferable and recruit doctors willing to accept any contract for employ-91

ment at that hospital, again reducing the welfare of those previously assigned. In92

both cases, agents’ preferences over the newly added terms generate competition,93

leading to welfare reductions. In practice, however, agent-lexicographic prefer-94

ences are rarely observed, implying that almost any real-world market is vulnera-95

ble to welfare reductions when contract terms are added. To model more realistic96

preferences, we consider the domains of common and polarized preferences. Under97

common preferences, all doctors (respectively hospitals) share the same ranking98

over contract terms. Polarization further requires that whenever doctors prefer99

one term to another, hospitals prefer the latter to the former. Salary negotiations100

provide a direct application of this domain, with doctors favoring higher salaries101

at a given hospital while hospitals prefer lower salaries for a given doctor. We then102

identify conditions ensuring that no doctor is worse off when additional terms are103

introduced for a hospital, as well as conditions under which at least one doctor104

is strictly better off. For the latter, three conditions must hold simultaneously:105

at least one of the added terms is used; the hospital introducing the new terms106

continues to employ the same set of doctors; and doctors prefer the added terms107

to those previously available.108
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To assess the impact of adding contract terms on doctors’ welfare in practice,109

we conduct simulations. When preferences over contract terms are random—for110

example, reflecting differences in shifts or medical specialties—and the number of111

doctors exceeds available positions, adding terms results in roughly equal shares112

of doctors being better or worse off, affecting approximately 9–21% of doctors.113

When preferences over terms are polarized, the share of doctors who are worse off114

is smaller than those who are better off, but still substantial. These simulations115

highlight the need to carefully regulate the introduction of new terms.116

Finally, we examine the robustness of our results by considering the competitive117

equilibrium as a solution concept, assuming fully flexible salaries. Within the118

class of valuation profiles in which hospital valuations are additively separable,119

we establish the maximal domain under which adding contract terms never re-120

duces doctors’ welfare at the doctor-optimal competitive equilibrium. Specifically,121

we show that welfare preservation requires the agent-valuation profile to exhibit122

common marginal term valuations, that is, the marginal value of substituting one123

contract term for another must be identical across all doctors at a given hospi-124

tal, and symmetrically across all doctors from that hospital’s perspective. Such125

uniformity is rarely satisfied in practice, since terms often reflect personal cir-126

cumstances. A parking space or a childcare slot, for instance, generates a strictly127

positive marginal valuation only for doctors who own a car or have young children,128

while others remain indifferent, so that doctors’ marginal valuations naturally dif-129

fer across terms. Hence, almost all markets remain vulnerable to welfare losses130

when new contract terms are introduced.131

Related Literature132

The economics literature on matching markets focuses on two solution concepts:133

stability and competitive equilibrium (Gale and Shapley 1962; Shapley and Shu-134

bik 1971), extended to contract terms and many-to-one settings by Crawford and135

Knoer (1981), Kelso and Crawford (1982), Fleiner (2003), and Hatfield and Mil-136

grom (2005). These two solution concepts are similar in the allocations they137

produce. In particular, when contracts are substitutes for hospitals, Echenique138

(2012) shows that bargaining over contracts can be embedded into a flexible-salary139
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model of bargaining over salaries, and Schlegel (2015) further characterizes the140

conditions under which such an embedding is possible.141

When salaries are institutionally constrained, as in the NRMP, market-clearing142

prices may not exist (Kamecke 1998), making stability the natural solution con-143

cept. In a one-to-one setting, Bulow and Levin (2006) show that impersonal144

salary-setting compresses workers’ wages below any competitive equilibrium out-145

come, though Kojima (2007) demonstrates that this effect does not extend to146

many-to-one markets. Bulow and Levin (2006) also show that the resulting allo-147

cation is inefficient relative to the competitive equilibrium. More recently, Jung-148

bauer (2026) shows that strategic salary posting generally does not lead to effi-149

cient outcomes in many-to-one settings. To restore efficiency, Niederle (2007) and150

Crawford (2008) propose introducing multiple salary levels to approximate the151

competitive equilibrium—which, in our framework, corresponds to adding con-152

tract terms. We show, however, that such additions do not necessarily improve153

welfare, even when higher salaries are offered simultaneously across all hospitals,154

highlighting the importance of contract design more broadly.155

Beyond salaries, contract terms arise in many settings—enlistment duration in156

the U.S. Army (Sönmez 2013; Sönmez and Switzer 2013), hospital department157

assignments (Hatfield and Kominers 2015), and airline upgrades (Kominers and158

Sönmez 2016). While these studies provide important insights into agents’ welfare,159

they do not address the design of contract terms. Hatfield and Kominers (2017)160

emphasize the role of contract design in many-to-many matching with contracts;161

in contrast, we show that limiting the set of available terms can improve doc-162

tors’ welfare within stable allocations. This perspective is particularly relevant163

in environments where each hospital is required to offer the same terms to all164

doctors, such as markets in which discrimination is prohibited. In such settings, a165

hospital cannot offer different salaries or working conditions to different doctors,166

yet welfare losses can still occur when new terms are introduced, as illustrated in167

Example 7 (Appendix A).168

Our paper also contributes to the literature on preference structure and welfare.169

Ergin (2002) shows that acyclic preferences guarantee stable and Pareto efficient170

assignments, a result that Pakzad-Hurson (2023) extends to markets with con-171
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tracts by introducing agent-lexicographic preferences on one side of the market.172

We show that preventing welfare reductions when terms are added requires impos-173

ing this condition on both sides—a substantially stronger requirement that limits174

the scope for policy intervention, since it cannot be achieved through priority175

design alone. Nei and Pakzad-Hurson (2021) study the college admissions mar-176

ket, where contract terms correspond to available majors, and show that when177

colleges adopt student-lexicographic preferences, students’ welfare improves be-178

cause they retain flexibility to choose among terms once admitted. However,179

this reduces colleges’ control, incentivizing them to favor certain contract terms180

over others—a design choice commonly adopted, illustrating that the condition of181

agent-lexicographic preferences is rarely satisfied.182

Finally, this paper contributes to the welfare literature in matching markets.183

Chambers and Yenmez (2017), Afacan (2017), and Yenmez (2018) analyze how184

choice functions and acceptable contract sets affect stable allocations. In contrast,185

we examine how the availability of contract terms affects doctors’ welfare, with-186

out altering hospitals’ choice functions. Our approach also relates to the notion187

of consent introduced by Kesten (2010), who considers restricting access to im-188

prove assignments in school choice. However, whereas Kesten (2010) considers a189

Pareto efficient but not necessarily stable assignment, we maintain the stability190

of allocations.191

The paper is organized as follows. Section 2 introduces the model and a motivating192

example. Section 3 analyzes the impact of adding terms on stable allocations193

and doctors’ welfare. Section 4 identifies conditions on preferences that prevent194

welfare reductions. Section 5 presents simulations on how additional terms affect195

doctors’ welfare. Section 6 examines the implications for competitive equilibria.196

Section 7 concludes. Additional examples on welfare reductions are provided in197

Appendix A, and all proofs are collected in Appendix B.198

2 Model199

2.1 Allocation Problem200

There are finite sets D = {d1, d2, ..., dn} of doctors, H = {h1, h2, ..., hm} of hos-201

pitals, and T = {t1, t2, ..., tℓ} of terms. The set of contracts is X = D × H × T .202

7



Each contract x ∈ X involves a doctor xd ∈ D, a hospital xh ∈ H, and a term203

xt ∈ T . The null contract, which indicates that the doctor or hospital has no204

contract, is denoted by ∅. For X ⊆ X , let Xd ≡ {x ∈ X : xd = d} and205

Xh ≡ {x ∈ X : xh = h} denote the contracts in X involving doctor d and hospital206

h, respectively. Each hospital h ∈ H has a capacity qh ∈ N, and q ≡ (qh)h∈H207

denotes the vector of capacities. A set of contracts X ⊆ X is an allocation if each208

doctor d ∈ D is involved in at most one contract, |Xd| ≤ 1, and each hospital209

h ∈ H is involved in at most qh contracts, |Xh| ≤ qh. It will often be useful to210

restrict attention to a subset of terms offered by each hospital. To this end, for211

each hospital h, let Th ⊆ T denote the set of available terms. To ensure that each212

hospital can form contracts, we assume Th ̸= ∅ for each h ∈ H.213

Each doctor d ∈ D has strict preference ≻d over Xd ∪{∅}, with ≻D≡ (≻d)d∈D de-214

noting the preference profile of doctors. A contract is acceptable if it is strictly pre-215

ferred to the null contract ∅ and unacceptable otherwise. Doctor d’s choice func-216

tion is Cd(X) ≡ max≻d
[{x ∈ Xd : xt ∈ Txh

} ∪ {∅}].5 Let CD(X) ≡ ⋃
d∈D Cd(X)217

be the set of contracts chosen from X by doctors.218

Each hospital h ∈ H has a strict preference ≻h over sets X ∈ 2Xh ∪ {∅}, with219

≻H≡ (≻h)h∈H denoting the preference profile of hospitals. Throughout, we assume220

that any set of contracts that violates a hospital’s capacity or includes multiple221

contracts for the same doctor is unacceptable. Formally, for each X ⊆ Xh, if222

|X| > qh or there exists d ∈ D with |Xd| > 1, then ∅ ≻h X. Hospital h’s choice223

function is Ch(X) ≡ max≻h
[{X ′ ⊆ Xh : xt ∈ Txh

for each x ∈ X ′} ∪ {∅}], and224

CH(X) ≡ ⋃
h∈H Ch(X) collects all contracts chosen by hospitals from X.225

A problem is a tuple (D, H, T, q, ≻D, ≻H). Let Π be the set of all problems.6 We226

fix D, H, q, ≻D and ≻H throughout the paper and denote a problem by π(T ). An227

allocation X is feasible if for each x ∈ X we have xt ∈ Txh
. Let F(π(T )) denote228

the set of feasible allocations for problem π(T ).229

We can now introduce the notion of stability for allocations.230

5We use the notation max≻d
to indicate maximization with respect to the preferences of

doctor d.
6Strictly speaking, Π is a proper class, since arbitrary sets may serve as labels for doctors,

hospitals, or terms. This issue disappears if, without loss of generality, all agents and terms are
indexed by natural numbers, in which case the collection becomes a set.
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Definition 1. An allocation X ⊆ X is stable if231

(i) CD(X) = CH(X) = X,232

(ii) there exists no hospital h and set of contracts Y ̸= Ch(X) such that233

Y = Ch(X ∪ Y ) ⊆ CD(X ∪ Y ).234

When (ii) is violated by some Y , we say that Y blocks X.7 We denote by S(π(T ))235

the set of stable allocations for problem π(T ).236

2.2 Substitutes Condition237

In this paper, we assume that contracts are substitutes for hospitals.238

Definition 2 (Hatfield and Milgrom 2005). Contracts are substitutes for h if239

there do not exist contracts x, x′ ∈ X and a set of contracts X ⊆ X such that240

x′ /∈ Ch(X ∪ {x′}) and x′ ∈ Ch(X ∪ {x, x′}).241

A doctor’s strict preference ≻d over contracts induces a weak preference ⪰d over242

allocations such that Xd ⪰d Yd if and only if Xd ≻d Yd or Xd = Yd. Similarly, each243

hospital’s strict preference ≻h over sets of contracts induces a weak preference244

relation ⪰h over allocations such that Xh ⪰h Yh if and only if Xh ≻h Yh or245

Xh = Yh. An allocation X ⊆ X Pareto dominates an allocation Y ⊆ X if for246

each doctor d ∈ D, Xd ⪰d Yd and for at least one doctor d′ ∈ D, Xd′ ≻d′ Yd′ . An247

allocation is Pareto efficient if it is not Pareto dominated by any other allocation.248

When contracts are substitutes for hospitals, at least one stable allocation exists,249

and in particular, there exists an allocation that is unanimously preferred by250

all doctors. Formally, given a problem π(T ), an allocation X ∈ S(π(T )) is the251

doctor-optimal stable allocation if every doctor weakly prefers X to all other stable252

allocations. Moreover, the substitutes condition guarantees the monotonicity of253

the doctor-proposing cumulative offer process (COP hereafter),8 thereby making254

renegotiation unnecessary.9255

7Since Y = Ch(X ∪ Y ), it follows that |Y | ≤ qh and Y ∈ F(π(T )).
8The COP, introduced by Hatfield and Milgrom (2005), is formally defined in Appendix B.5.
9Note that since we consider strict preferences, the irrelevance of rejected contracts condition

is not required (see Aygün and Sönmez 2013).

9



Theorem 0 (Theorem 3 of Hatfield and Milgrom 2005). Suppose contracts are256

substitutes for hospitals. Then, for a given vector of terms T , S(π(T )) is non-257

empty and forms a lattice. In addition, the COP generates the doctor-optimal258

stable allocation.259

2.3 Motivating Example with Salaries260

Salaries can be naturally modeled as contract terms. Echenique (2012) demon-261

strates that any matching with contracts problem can be embedded in a matching262

with salaries framework when contracts are substitutes for hospitals. In the case263

of salaries, the Pareto frontier of contracts is one-dimensional: if a term benefits264

a doctor, it necessarily becomes less favorable for the hospital. We present an ex-265

ample in which the added term corresponds to a higher salary, which is generally266

considered more favorable to doctors.10
267

Example 1. Consider a problem where D = {d1, d2, d3}, H = {h1, h2}, terms are268

salaries with T = {100, 110}, and each hospital has a capacity of one. To illustrate269

the effect of adding contract terms, we consider two vectors of available terms.270

Let T ′ denote the initial vector of terms, defined by T ′ = (T ′
h1 = {100}, T ′

h2 =271

{100}), and let T denote the vector of terms after additional terms are introduced,272

defined as T = (Th1 = {100, 110}, Th2 = {100, 110}). Contracts are substitutes for273

hospitals. For simplicity, we list only contracts that are mutually acceptable to274

both doctors and hospitals, and we restrict attention to allocations. With a slight275

abuse of notation, since each hospital has a capacity of one, we report hospitals’276

preferences over individual contracts rather than over sets of contracts.277

Doctors:278

d1 : (d1, h2, 110) ≻d1 (d1, h1, 110) ≻d1 (d1, h2, 100) ≻d1 (d1, h1, 100),

d2 : (d2, h1, 110) ≻d2 (d2, h1, 100) ≻d2 (d2, h2, 110) ≻d2 (d2, h2, 100),

d3 : (d3, h1, 110).

Hospitals:279

10In practice, salary increases can reflect adjustments in hospitals’ budgets driven by com-
petitive labor markets or policy interventions. For instance, U.S. hospitals often increase com-
pensation to attract or retain doctors when facing competition from private practice groups or
in response to changes in reimbursement schemes (Gawande 2009; Clemens and Gottlieb 2014).
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h1 : (d1, h1, 100) ≻h1 (d3, h1, 110) ≻h1 (d1, h1, 110) ≻h1 (d2, h1, 100) ≻h1 (d2, h1, 110),

h2 : (d2, h2, 100) ≻h2 (d2, h2, 110) ≻h2 (d1, h2, 100) ≻h2 (d1, h2, 110).

Doctor d3 accepts employment only under the conditions specified in contract280

(d3, h1, 110); otherwise, she prefers the outside option, which may correspond to281

working in a private clinic, i.e., the null contract. The doctor-optimal stable282

allocation of π(T ′) is283

X
′ = {(d1, h2, 100), (d2, h1, 100),∅}.

Now suppose that both hospitals offer an additional salary of 110, corresponding284

to the problem π(T ). The new doctor-optimal stable allocation is285

X = {(d1, h1, 100), (d2, h2, 110),∅}.

Despite the introduction of higher salaries, doctors d1 and d2 are worse off, while d3286

remains assigned to the null contract; no doctor is better off. Although d2 receives287

a salary of 110, she would strictly prefer employment at h1 to h2, regardless of the288

salary level. The reduction in welfare can be understood through the sequence289

of negotiations, in which doctors propose contracts. When hospital h1 offers a290

salary of 110, both d2 and d3 apply for contracts involving this salary, but h1291

can hire only one doctor. Since h1 strictly prefers the contract involving d3 to292

the contracts involving d2 at any salary, d2 next proposes a contract at h2. This293

generates competition between d1 and d2 at h2, and because h2 prefers contracts294

involving d2 to those involving d1, the contract proposed by d1 is rejected. Doctor295

d1 then applies to h1, entering into competition with d3. To obtain employment,296

d1 must accept a contract with a lower salary.11
297

Example 1 has two important implications. First, even when a term is added298

simultaneously across all hospitals—for instance, through a centralized clearing-299

house that expands the set of available contract terms—it may decrease the welfare300

of some doctors without improving that of any others. Moreover, the added term301

in this example is strictly preferred by doctors to those already available, offering302

11This interpretation relates to the concept of the reserve army of labour, introduced by
Engels and further theorized by Marx (1867).
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them a higher salary. Salaries thus induce common preferences among doctors.12
303

If the added terms were, for instance, the option to work part-time or specific304

work shifts, a similar effect could occur, reducing doctors’ welfare.305

Second, although the added term is used in the contract (d2, h2, 110), d2 is worse306

off. The increase in the salary available at h2 did not attract d2; rather, it gener-307

ated competition that led d2 to be reassigned to another hospital. This contrasts308

with the addition of agents to the market. When new agents enter a market, those309

assigned to them in a stable allocation are strictly better off (see Crawford 1991).310

Welfare reductions may also arise when additional terms are offered only by a sub-311

set of hospitals—for example, in decentralized markets or when the clearinghouse312

does not regulate that dimension. To illustrate, if the new term is offered exclu-313

sively at h1, the vector of terms is given by T ′′ = (T ′′
h1 = {100, 110}, T ′′

h2 = {100}),314

and the doctor-optimal stable allocation is315

X
′′ = {(d1, h1, 100), (d2, h2, 100),∅}.

By offering a salary of 110, hospital h1 signals that it provides higher compensa-316

tion than other hospitals. This, however, reduces doctors’ welfare while allowing317

the hospital to achieve a more favorable allocation. To formally analyze this318

phenomenon, we introduce sub-problems.319

2.4 Sub-Problems and Preliminary Result320

Given a problem π(T ) ∈ Π, a sub-problem of π(T ), denoted, π(T ′) with an321

apostrophe on the vector of terms, is obtained by reducing the set of avail-322

able terms for at least one hospital: π(T ′) ∈ Π is a sub-problem of π(T ) if323

π(T ) ≡ (D, H, T, q, ≻D, ≻H) and π(T ′) ≡ (D, H, T ′, q, ≻D, ≻H) with T ′ ⊂ T ,324

where T ′
h ̸= ∅ for each h ∈ H. Let Π̃(π(T )) denote the set of sub-problems of π(T )325

and X
′ the doctor-optimal stable allocation of π(T ′).326

When the set of available terms for a hospital h is reduced while all other hospitals327

retain their original sets of terms, we represent this sub-problem as π(T ′
h, T−h) ∈328

Π̃(π(T )). Conversely, we may consider cases in which the set of available terms329

for hospital h is expanded. In this case, we define the corresponding sub-problem330

12We study common preferences in greater detail in Section 4.2.
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as π(T ′), where only hospital h experiences an expansion in its set of available331

terms, i.e., π(T ) ≡ π(Th, T ′
−h) with T ′

h ⊂ Th.332

Proposition 1 formalizes the observations of Example 1.333

Proposition 1. There exist problems π(T ) ∈ Π and sub-problems π(T ′) ∈ Π̃(π(T ))334

such that:335

(i) There exists a non-empty subset of doctors D′ ⊂ D such that, for each336

d ∈ D′, X
′
d ≻d Xd. Moreover, whenever D′ ̸= ∅, there exists a non-empty337

subset of hospitals H ′ ⊆ H such that, for each h ∈ H ′, Xh ≻h X
′
h.338

(ii) There exists a hospital h ∈ H, a term t ∈ Th \ T ′
h, and a contract x ∈ Xh339

such that xt = t and X
′
xd

≻xd
Xxd

.340

Proposition 1 establishes that the introduction of additional terms can (i) reduce341

the welfare of some doctors, (ii) even when one of the added terms is used in342

the resulting allocation. Moreover, whenever at least one doctor is worse off, at343

least one hospital strictly prefers the new doctor-optimal stable allocation. In344

such cases, the doctors who experience welfare losses were initially employed by345

hospitals in H ′, whose contracts are replaced by contracts more favorable to those346

hospitals, potentially at the expense of doctors’ welfare.347

3 Stability and Welfare348

To study the impact of adding contract terms on doctors’ welfare, we first examine349

how the set of stable allocations is affected.350

3.1 Set of Stable Allocations351

The addition of new terms expands the set of feasible allocations. Such allocations352

can then block the doctor-optimal stable allocation of the original sub-problem.353

In Example 1, when a salary of 110 becomes available at h1,354

• Cd3({(d3, h1, 110), X
′
d3}) = {(d3, h1, 110)}, and355

• Ch1({(d3, h1, 110), X
′
h1}) = {(d3, h1, 110)}.356

If a previously stable allocation becomes unstable after expanding the set of avail-357

able terms, at least one contract involving one of the new terms must participate358

in a blocking allocation.13 Consequently, adding terms can reduce the set of stable359

13Lemma 2 formalizes and proves this statement for any stable allocation.
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allocations. Conversely, adding new terms may also generate new stable alloca-360

tions. For instance, in Example 1, adding salary 110 only at h2 leaves X
′ stable361

and allows d1 to obtain a higher salary.362

Our first main result states that any allocation that is stable in the problem π(T )363

remains stable in each sub-problem of π(T ) in which the allocation is feasible.14
364

Theorem 1. For any problem π(T ) ∈ Π,365

(i) Suppose that X ∈ S(π(T )). For each π(T ′) ∈ Π̃(π(T )), if X ∈ F(π(T ′)),366

then X ∈ S(π(T ′)).367

(ii) For any π(T ′), π(T ′′) ∈ Π̃(π(T )), it holds that S(π(T ′)) ∩ S(π(T ′′)) ⊆368

S(π(T ′ ∪ T ′′)).369

The converse of Theorem 1(i) is false.15 Theorem 1(ii) shows that, given two370

sub-problems π(T ′) and π(T ′′) of a problem π(T ), any allocation that is stable371

in both sub-problems remains stable when the set of available terms is expanded372

to their union for hospitals. While this condition is restrictive, it is necessary373

to guarantee stability of allocations when hospitals’ sets of contract terms are374

expanded. An additional result on the structure of stable allocations is presented375

in Online Appendix OA.1.376

3.2 Reduction of Available Terms and Pareto Improve-377

ment378

From Theorem 1, it follows that to preserve the stability of an allocation when379

the set of available terms is reduced, it is sufficient to maintain its feasibility.380

Hence, if an allocation is stable and some terms are not used, these terms can be381

withdrawn from the set of available terms without affecting stability. Formally,382

given an allocation X, a term t is not used at hospital h if there exists no contract383

14This is related to Proposition 3 of Hatfield and Kominers (2017). While Hatfield and
Kominers (2017) consider a subset of contracts, we consider a subset of available terms to
guarantee the stability of an allocation. The advantage of our approach is that we can identify
the vector of terms needed for the stability of X, which is absent from their formulations.

15Consider t /∈ T ′
h such that, for each allocation X ∈ S(π(T ′)), we have (d, h, t) ≻h Xh and

(d, h, t) ≻d Xd. Now consider T such that t ∈ Th and T ′ ⊂ T . An allocation with the contract
x = (d, h, t) blocks X.
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x ∈ X such that xh = h and xt = t. We now apply this reasoning to doctor-384

optimal stable allocations.16 By withdrawing terms, allocations that could block385

other allocations are no longer feasible, which can enable a Pareto improvement386

for doctors. In Example 1, the salary of 110 is not used at h1 in X. Withdrawing387

this term yields a Pareto improvement: d1 receives a salary of 110 at h2, and d2 is388

employed at h1 with a salary of 100. The following corollary formalizes this point.389

Corollary 1. For any problem π(T ) ∈ Π, suppose there exists h ∈ H such that390

h has at least one term not used in the allocation X. Then, there exists T ′
h ⊂ Th391

such that π(T ′
h, T−h) ∈ Π̃(π(T )), and either X

′ Pareto dominates X, or X
′ = X.392

Corollary 1 implies that restricting available terms can improve doctors’ welfare.393

This parallels Kesten (2010), who shows that withdrawing student applications394

can improve welfare in school choice. Kesten (2010) suggests obtaining students’395

consent to withdraw applications, thereby improving the welfare of other students.396

In the presence of contracts, this corresponds to limiting access to certain terms—397

such as remote work, shifts, or higher salaries—for specific doctors. Differential398

access to such terms can generate conflicts among doctors within hospitals, form-399

ing the basis of the general argument for stability. While Kesten (2010) aims to400

achieve Pareto efficiency by withdrawing applications, our approach focuses on401

improving doctors’ welfare while maintaining stability.402

We identify two limitations of withdrawing terms. First, Pareto improvements are403

not always guaranteed and may require restricting specific terms. In Example 1,404

the term 100 at hospital h2 is not used in the allocation X; however, withdrawing405

it does not lead to a Pareto improvement. Moreover, the next example illustrates406

that achieving a Pareto efficient allocation solely by withdrawing available terms407

is not always possible.408

Example 2. Consider a problem where D = {d1, d2}, H = {h1, h2}, T = {t, t′},409

and each hospital has a capacity of one. The vector of terms is given by T =410

(Th1 = {t, t′}, Th2 = {t}). Contracts are substitutes for hospitals, and preferences411

are given as follows:412

16This observation can be reformulated using the property of irrelevance of unused terms in
a stable allocation. Hirata et al. (2023) define the irrelevance of unchosen contracts by adding
contracts available to one doctor.
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Doctors:413

d1 : (d1, h1, t) ≻d1 (d1, h1, t′), d2 : (d2, h1, t) ≻d2 (d2, h2, t).

Hospitals:414

h1 : (d1, h1, t′) ≻h1 (d2, h1, t) ≻h1 (d1, h1, t), h2 : (d2, h2, t).

Consider the doctor-optimal stable allocation and an allocation X ′ defined by415

X = {(d1, h1, t′), (d2, h2, t)}, X ′ = {(d1, h1, t), (d2, h2, t)}.

Although X ′ is the unique allocation that Pareto dominates X and is Pareto effi-416

cient, there is no T ′ ⊂ T such that X ′ ∈ S(π(T ′)). The term to withdraw is t for417

hospital h1, but its withdrawal would prevent the feasibility of allocation X ′, as418

doctor d1 is assigned to h1 with term t. Achieving feasibility would require intro-419

ducing doctor-specific restrictions on access to terms. However, such adjustments420

are beyond the scope of our analysis.421

The second limitation arises under the commonly imposed law of aggregate de-422

mand, which requires that hospitals do not reduce the number of contracts they423

choose when the set of contracts expands.424

Definition 3 (Hatfield and Milgrom 2005). The preferences of a hospital h ∈ H425

satisfy the law of aggregate demand if for all X ′ ⊂ X ⊂ Xh, |Ch(X ′)| ≤ |Ch(X)|.426

Hatfield and Kojima (2009) show that when contracts are substitutes for hospitals427

and preferences satisfy the law of aggregate demand, the doctor-optimal stable428

allocation is weakly Pareto optimal for doctors, meaning that there exists no429

feasible allocation in which all doctors are strictly better off. It follows that there430

is no sub-problem in which all doctors are strictly better off relative to the doctor-431

optimal stable allocation.432

Theorem 2. For any problem π(T ) ∈ Π, if the preferences of each hospital h ∈ H433

satisfy the law of aggregate demand, then there is no π(T ′) ∈ Π̃(π(T )) such that434

for each d ∈ D, X
′
d ≻d Xd.435
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When hospitals’ preferences satisfy the law of aggregate demand, Theorem 2 im-436

plies that withdrawing terms cannot make all doctors better off and, symmetri-437

cally, that adding terms cannot make all doctors worse off. However, with |D| = n,438

there are problems in which adding a term makes n − 1 doctors worse off.439

4 Preference Domains440

In this section, we study the conditions on the preference profile that prevent441

welfare reduction when terms are added. Our main objective is to identify the442

markets that are vulnerable to this phenomenon.443

4.1 Agent-Lexicographic Preferences444

We first consider agent-lexicographic preferences, in which the ranking is deter-445

mined primarily by the identity of the agent involved in the contract, with contract446

terms serving only as secondary criteria. We define the preferences of a doctor447

d as hospital-lexicographic if, for any two acceptable contracts x, x′ ∈ Xd where448

xh = x′
h = h, there is no contract x′′ ∈ Xd with x′′

h ̸= h such that x ≻d x′′ ≻d x′.449

For hospitals, the definition differs because hospitals rank sets of contracts rather450

than individual contracts and are subject to capacity constraints. This requires451

imposing additional structure on hospital choice functions. For any allocation452

X ⊆ X , let D(X) ≡ {d ∈ D : Xd ̸= ∅} denote the set of doctors represented in453

X. We further require that allocations involving multiple doctors be acceptable454

to hospitals. The choice function of hospital h is acceptant if, for every alloca-455

tion X ⊆ X , |Ch(Xh)| = min{|D(Xh)|, qh}, that is, hospital h accepts as many456

contracts as possible, up to its capacity.17 Since contracts are substitutes for hos-457

pitals, it follows that for any X, Y ⊆ Xh with Y ⊂ X, Ch(X) ∩ Y ⊆ Ch(Y ),458

which ensures a consistent ranking over sets of contracts composed of accept-459

able contracts. Preferences of a hospital h are doctor-lexicographic if its choice460

function is acceptant and, for any allocations X, Y ⊆ X with Xh ≻h Yh and461

D(Xh) = D(Yh), there exists no allocation Z ⊆ X with D(Zh) ̸= D(Xh) such462

that Xh ≻h Zh ≻h Yh. For convenience, we say that the preferences of an agent463

17An acceptant choice function induces preferences that satisfy the law of aggregate demand.
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a ∈ D ∪ H are agent-lexicographic if, for a ∈ D, the preferences ≻a are hospital-464

lexicographic, and for a ∈ H, the preferences ≻a are doctor-lexicographic. We465

denote by ≻−a≡ (≻a′)a′∈(D∪H)\{a} the preference profile of all agents other than a.466

When all agents have agent-lexicographic preferences, contract terms serve only as467

secondary criteria, so adding or withdrawing terms does not alter the assignment468

of doctors to hospitals in the doctor-optimal stable allocation.469

Lemma 1. Let π(T ) ∈ Π be a problem in which each agent a ∈ D ∪ H has470

agent-lexicographic preferences. Then, for any π(T ′) ∈ Π̃(π(T )), it follows for471

each h ∈ H that D(Xh) = D(X ′
h).472

The result follows immediately, since T ′
h is non-empty for every h ∈ H, and we473

therefore omit the proof. Because each doctor remains assigned to the same hos-474

pital and hospitals’ choice functions are acceptant, each doctor selects her most-475

preferred available contract, and doctor-lexicographic preferences ensure that ex-476

panding the set of terms does not intensify competition among doctors.18
477

The next result shows that if at least one agent (doctor or hospital) does not have478

agent-lexicographic preferences, it is always possible to construct a preference479

profile for the other agents, all satisfying agent-lexicographic preferences, such480

that expanding the set of available terms reduces the welfare of some doctors.481

Theorem 3. If ≻a are not agent-lexicographic for a ∈ D ∪ H, then, there exist482

≻−a such that for each a′ ∈ (D ∪ H) \ {a}, ≻a′ are agent-lexicographic, and a483

sub-problem π(T ′) ∈ Π̃(π(T )), where for some d ∈ D, X
′
d ≻d Xd.484

Theorem 3 shows that preventing welfare reductions requires agent-lexicographic485

preferences on both sides of the market, a condition that is rarely satisfied in486

practice. For instance, when terms represent salaries, this would require doctors487

to accept any salary (even negative salaries) to be employed at a hospital, and488

hospitals to offer any salary (even arbitrarily high salaries) to retain a doctor.489

Lemma 1 and Theorem 3 together provide the condition, in the maximal-domain490

sense, that prevents reductions in doctors’ welfare when additional terms are491

introduced for some hospitals.492

18We formally establish this reasoning in the proof of Proposition 2.
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Example 3 illustrates that when agent-lexicographic preferences are imposed on493

only one side of the market—specifically, hospitals—welfare reductions for doctors494

may occur following the introduction of contract terms.495

Example 3. Consider a problem where D = {d1, d2}, H = {h1, h2}, T = {t, t′}496

and each hospital has a capacity of one. The vector of terms is given by T ′ =497

(T ′
h1 = {t}, T ′

h2 = {t}) and let Th1 = {t, t′}. Contracts are substitutes for hospitals,498

and only doctor d1’s preferences are not agent-lexicographic:499

Doctors:500

d1 : (d1, h1, t′) ≻d1 (d1, h2, t) ≻d1 (d1, h1, t),

d2 : (d2, h1, t) ≻d2 (d2, h1, t′) ≻d2 (d2, h2, t).

Hospitals:501

h1 : (d1, h1, t) ≻h1 (d1, h1, t′) ≻h1 (d2, h1, t′) ≻h1 (d2, h1, t),

h2 : (d1, h2, t) ≻h2 (d2, h2, t).

The doctor-optimal stable allocations for π(T ′) and π(Th1 , T ′
−h1) are502

X
′ = {(d2, h1, t), (d1, h2, t)}, X = {(d1, h1, t′), (d2, h2, t)}.

The added term is used by doctor d1, who strictly prefers X to X
′, while d2503

strictly prefers X
′ to X.19 When hospitals have doctor-lexicographic preferences,504

new terms can attract doctors who strictly prefer a contract involving a new505

term—such as doctor d1 in Example 3—who then compete with and may replace506

previously employed doctors, such as d2. Since hospitals rank contracts primarily507

by doctor identity, if the set of doctors employed by h remains unchanged, no508

doctor is worse off.20 The following proposition formalizes this reasoning.509

19Note that both X
′ and X are Pareto efficient. Pakzad-Hurson (2023) examines the connec-

tion between efficiency and stability, identifying acyclicity and student-lexicographic preferences
as the necessary and sufficient conditions for the existence of a stable and Pareto efficient allo-
cation. In our framework, the latter corresponds to doctor-lexicographic preferences. In Exam-
ple 3, hospitals’ preferences are doctor-lexicographic and homogeneous. Even under acyclicity
restrictions, expanding the set of terms can reduce doctors’ welfare.

20We do not impose any restrictions on the ranking of doctors given a contract term. In
Example 3, hospital h1 prefers the contract involving term t to that involving t′ for doctor
d1, and the opposite ranking for doctor d2. Imposing the same ranking of contracts across all
doctors does not alter the results.
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Proposition 2. For any problem π(T ) ∈ Π in which each hospital has doctor-510

lexicographic preferences, consider h ∈ H, T ′
h ⊂ Th and the sub-problem π(T ′

h, T−h).511

(i) If D(Xh) = D(X ′
h), then there is no d ∈ D such that X

′
d ≻d Xd.512

(ii) If there exists a term t ∈ Th \ T ′
h and a contract x ∈ Xh such that xt = t,513

then there exists a non-empty subset of doctors D′ ⊂ D such that, for each514

d′ ∈ D′, Xd′ ≻d′ X
′
d′ .515

Proposition 2 states that when hospitals have doctor-lexicographic preferences,516

reducing the set of available terms for hospital h does not make any doctor better517

off if the set of doctors assigned to h remains unchanged. Symmetrically, expand-518

ing the set of terms for h does not make any doctor worse off if the set of assigned519

doctors is unchanged. This is related to Proposition 1(i). Moreover, if at least one520

term withdrawn at h was previously used, some doctors strictly prefer the original521

doctor-optimal stable allocation. Symmetrically, if at least one added term at h is522

used, at least one doctor is strictly better off. This is related to Proposition 1(ii).523

However, the conditions identified in Proposition 2 do not prevent reductions in524

doctors’ welfare when doctors have hospital-lexicographic preferences. This is525

illustrated by the following example.526

Example 3 (Continued). Consider the following modified preference profiles.527

Doctors:528

d1 : (d1, h1, t) ≻′
d1 (d1, h1, t′),

d2 : (d2, h1, t) ≻d2 (d2, h1, t′) ≻d2 (d2, h2, t).

Hospitals:529

h1 : (d1, h1, t′) ≻′
h1 (d2, h1, t′) ≻′

h1 (d1, h1, t) ≻′
h1 (d2, h1, t),

h2 : (d1, h2, t) ≻h2 (d2, h2, t).

Only the preferences of d1 and h1 are modified. In particular, hospital h1 is the530

only agent whose preferences are not agent-lexicographic. The doctor-optimal531

stable allocations for π(T ′) and π(Th1 , T ′
−h1) are532

X
′ = {(d1, h1, t), (d2, h2, t)}, X = {(d1, h1, t′), (d2, h2, t)}.

The conditions identified in Proposition 2 are satisfied: D(Xh1) = D(X ′
h1), and533
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the term t′ ∈ Th1 \ T ′
h1 is used by d1, while X

′
d1 ≻d1 Xd1 . When doctors have534

hospital-lexicographic preferences, introducing new terms at hospitals whose own535

preferences are not doctor-lexicographic may attract doctors who strictly prefer a536

contract at that hospital to their current allocation. Because the identity of the537

hospital is their primary criterion, they may be willing to accept less favorable538

terms, thereby intensifying competition among doctors.539

4.2 Common and Polarized Preferences540

We now examine the domains of common and polarized preferences. Preferences541

over salaries, as illustrated in Example 1, fall within this domain.21 Doctors pre-542

fer higher salaries from a given hospital, while hospitals prefer to hire doctors at543

lower salaries. We denote t ≫D t′ if, for each doctor d ∈ D and each hospital544

h ∈ H (d, h, t) ≻d (d, h, t′). Doctors’ preferences are common if, for any distinct545

t, t′ ∈ T , we have t ≫D t′ or t′ ≫D t. For hospitals, as in the definition of546

doctor-lexicographic preferences, we restrict attention to acceptant choice func-547

tions. This ensures that each hospital selects all acceptable contracts up to its548

capacity. Since contracts are substitutes for hospitals, a hospital’s preferences over549

sets of contracts are then entirely determined by its preferences over individual550

contracts. We write t ≫H t′ if, for each hospital h ∈ H and every doctor d ∈ D,551

(d, h, t) ≻h (d, h, t′). Hospitals’ preferences are common if hospitals’ choice func-552

tions are acceptant and, for any distinct t, t′ ∈ T , we have t ≫H t′ or t′ ≫H t.553

Doctors’ and hospitals’ preferences are polarized if doctors’ and hospitals’ prefer-554

ences are common and, for any distinct t, t′ ∈ T , t ≫D t′ if and only if t′ ≫H t.555

We say that the term t is preferred over t′ by doctors if doctors’ preferences are556

common and t ≫D t′.557

Example 1 illustrates that even when terms preferred by doctors are introduced,558

some doctors may be worse off. The next proposition establishes conditions that559

21In addition to the conditions imposed by polarized preferences, matching with salaries
(Kelso and Crawford 1982; Echenique 2012) requires that, if for a given salary a doctor prefers
a contract with hospital h to a contract with hospital h′, this preference is maintained for any
salary. Formally, for any h, h′ ∈ H and t, t′ ∈ T , where t and t′ are salaries, (d, h, t) ≻d (d, h′, t)
if and only if (d, h, t′) ≻d (d, h′, t′) for all d ∈ D. A symmetric condition applies to hospitals’
common preferences. Schlegel (2015) discusses this restriction and shows that it can be relaxed
in some contexts.
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prevent such welfare reductions.560

Proposition 3. For any problem π(T ) ∈ Π in which doctors’ and hospitals’ pref-561

erences are polarized, consider h ∈ H, T ′
h ⊂ Th, and the sub-problem π(T ′

h, T−h).562

If each t ∈ Th \ T ′
h is preferred by doctors to any t′ ∈ T ′

h, and for each d′ /∈ D(X ′
h)563

one of the following holds,564

(i) there exists t′ ∈ T ′
h such that (d′, h, t′) ≻d′ X

′
d′ ,565

(ii) for each t ∈ Th \ T ′
h, X

′
d′ ≻d′ (d′, h, t),566

then there is no doctor d ∈ D such that X
′
d ≻d Xd.567

Proposition 3 shows that welfare reductions cannot arise when the introduction568

of new terms preferred by doctors does not intensify competition among doctors.569

Condition (ii) captures the case in which doctors not employed by h are unin-570

terested in the newly introduced terms, while condition (i) covers the case where571

such doctors remain interested in h even under less favorable terms but were not572

employed there in the original allocation. Since the added terms are preferred by573

doctors, these conditions are restrictive in practice and are unlikely to be satisfied574

in many real-world settings. The key insight is that, under preference polarization,575

any doctor who could be adversely affected by the introduction of new terms can576

revert to her previous position at the same hospital. The next example illustrates577

that polarization is crucial for this result, as welfare reductions may arise in its578

absence.579

Example 4. Consider a problem where D = {d1, d2, d3}, H = {h}, T = {t, t′, t′′},580

and qh = 2. The vectors of terms are given by T ′ = (T ′
h = {t′, t′′}) and T = (Th =581

{t, t′, t′′}). For clarity, and since preferences over sets of contracts are determined582

by the ranking of individual contracts, we report only individual contracts in583

the hospital’s preferences, including some contracts that are unacceptable to d3.584

Contracts are substitutes for the hospital, and both the hospital and the doctors585

have common preferences:586

Doctors:587

d1 :(d1, h, t) ≻d1 (d1, h, t′) ≻d1 (d1, h, t′′),

d2 :(d2, h, t) ≻d2 (d2, h, t′) ≻d2 (d2, h, t′′),

d3 :(d3, h, t) ≻d3 (d3, h, t′) ≻d3 ∅ ≻d3 (d3, h, t′′).
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Hospital:588

h : (d1, h, t′′) ≻h (d3, h, t′′) ≻h (d2, h, t′′) ≻h (d1, h, t) ≻h

(d3, h, t) ≻h (d2, h, t) ≻h (d1, h, t′) ≻h (d2, h, t′) ≻h (d3, h, t′).

The preferences for the terms are as follows: t ≫D t′ ≫D t′′ and t′′ ≫H t ≫H t′.589

The doctor-optimal stable allocations for π(T ′) and π(T ) are590

X
′ = {(d1, h, t′), (d2, h, t′),∅}, X = {(d1, h, t), (d2, h, t′′),∅}.

Doctor d1 prefers Xd1 over X
′
d1 , while doctor d2 prefers X

′
d2 over Xd2 . The added591

term t is preferred by doctors to the currently available terms (i.e., t′ and t′′), and592

condition (i) of Proposition 3 is satisfied since (d3, h, t′) ≻d3 X
′
d3 .593

Example 1 further illustrates that even when the added term is preferred by594

doctors and is used, the doctor who uses it may be worse off. To rule out this595

possibility, we impose a stronger condition ensuring that when terms preferred by596

doctors are added, if any added term is used, then at least one doctor is strictly597

better off. This condition requires that the set of doctors employed by h remains598

unchanged when the set of available terms for h is expanded.599

Proposition 4. For any problem π(T ) ∈ Π in which doctors’ and hospitals’ pref-600

erences are common, consider h ∈ H, T ′
h ⊂ Th, and the sub-problem π(T ′

h, T−h). If601

(i) each t ∈ Th \ T ′
h is preferred by doctors to every t′ ∈ T ′

h,602

(ii) D(Xh) = D(X ′
h), and603

(iii) there exists a term t ∈ Th \ T ′
h and a contract x ∈ Xh such that xt = t,604

then there exists a non-empty subset of doctors D′ ⊂ D such that, for each d ∈ D′,605

Xd ≻d X
′
d.606

Example 4 illustrates that even when the conditions of Proposition 4 are satisfied607

and doctor d1 is strictly better off, some other doctors may still be worse off,608

suggesting that the conditions required to prevent welfare reductions are stringent609

in practice.22
610

22The proof of Proposition 4 is omitted, since at least one doctor previously employed by h
is now employed under a preferred contract term, and is therefore strictly better off.
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5 Numerical Simulations611

Our theoretical results show that doctors’ welfare can decrease at the doctor-612

optimal stable allocation when additional terms are introduced. The only con-613

dition that prevents such a decrease is that all agents in the market have agent-614

lexicographic preferences. Since this condition is rarely satisfied in practice, it is615

important to quantify, in realistic markets, the shares of doctors who are better616

off and those who are worse off when new terms are added.617

We conduct two sets of simulations in which the parameters influencing doctors’618

welfare are determined by the market environment—namely, the set of agents and619

their preferences, the available terms, and hospitals’ capacities, consistent with620

the theoretical model. In each simulation, hospitals are randomly endowed with621

a subset of terms, the doctor-optimal stable allocation is computed, additional622

terms are introduced, and the allocation is recomputed. Doctors are classified as623

worse off if they prefer the initial allocation and better off if they prefer the new624

allocation.625

In the first set of simulations, agents’ preferences are drawn randomly, corre-626

sponding to markets in which terms do not generate common preferences—such627

as working hours, medical specialties, or military branches.23 We fix 10 hospitals628

with a capacity of 5, vary the number of doctors across 40, 50, and 60, and endow629

each hospital with an average of 5 terms drawn from a pool of 10. We then intro-630

duce up to 1, 2, 3, or 4 additional terms per hospital, running 200 simulations per631

configuration. Figure 1 reports average shares of better-off and worse-off doctors632

with 95% confidence intervals.24
633

Both shares increase with the number of additional terms. When doctors exceed634

available positions—as in the NRMP, where applicants systematically outnumber635

residency slots—competition is intense and both shares are roughly equal (9–21%),636

23For hospitals, preferences are defined over individual contracts rather than sets of contracts,
which ensures that contracts are substitutes for hospitals. Accordingly, in the COP, each hospital
selects, for each doctor, its preferred contract among those proposed by that doctor.

24The simulation results are robust to alternative parameter choices. We systematically
experimented with different values of these variables and did not observe any qualitative changes.
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Figure 1: Share of doctors worse off and better off (vertical axis) shown for vary-
ing numbers of added terms (horizontal axis), with curves representing different
numbers of doctors, after 2,400 simulation runs, with 95% confidence intervals.

as adding terms amplifies this competition.25 When the number of doctors equals637

the number of available positions, the share of better-off doctors exceeds that of638

worse-off doctors, though a non-negligible fraction (7.5–11.5%) still experiences639

welfare losses. When the number of available positions exceeds the number of640

doctors, each doctor already secures a favorable contract, leaving limited scope641

for improvement; welfare losses affect only 3–5% of doctors, and the share of642

better-off doctors is smaller than in the case of equal numbers of doctors and643

positions.26
644

In the second set of simulations, we interpret terms as salaries, with each doctor645

having a minimum acceptable salary at each hospital and each hospital having a646

maximum salary it is willing to pay for each doctor. Consistent with NRMP data647

reflecting excess supply, we fix 60 doctors and 10 hospitals with a capacity of 5,648

25In the 2024 Main Residency Match, 41,503 positions were offered and 38,941 were filled,
while the number of active applicants was 44,853. Moreover, certain specialties are particularly
competitive relative to the number of available positions, including anesthesiology, medicine-
preliminary, neurology, obstetrics-gynecology, pediatrics, and psychiatry. https://www.nrmp.
org/match-data/2024/06/results-and-data-2024-main-residency-match/ (Accessed on
04/14/2026).

26We also consider the symmetric case in which the number of doctors is fixed and the number
of hospitals varies. The analysis is presented in the Online Appendix and the conclusions remain
unchanged.
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and 10 salary levels with each hospital initially offering an average of 5. We intro-649

duce three categories of additional terms—higher salaries (h) than those initially650

offered, lower salaries (l), or randomly chosen salaries (r)—running 300 simula-651

tions per configuration. Results are reported in Figure 2 with 95% confidence652

intervals.653

Figure 2: Share of doctors worse off and better off (vertical axis) shown for varying
numbers of added terms (horizontal axis), with curves representing the category
of added salaries, after 3,600 simulation runs, with 95% confidence intervals.

Both shares increase with the number of additional terms, and the share of better-654

off doctors exceeds that of worse-off doctors across all scenarios. When lower655

salaries are introduced, 2.5–3.5% of doctors are worse off and 3–4.5% are better656

off. Since each doctor has a distinct minimum acceptable salary at each hospital,657

some accept employment at lower wages, displacing others and generating both658

gains and losses. When higher salaries are introduced, 5.5–6.5% are worse off659

and 8.5–10.5% are better off, driven by heterogeneity in doctors’ preferences over660

hospitals, which generates excess demand at some hospitals. When salaries are661

added at random, both effects occur simultaneously, producing 8–13% worse-off662

and 12.5–19.5% better-off doctors. These simulations confirm that welfare losses663

remain non-negligible even under more realistic preferences.664
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6 Competitive Equilibrium with Transfers665

In many markets—centralized or decentralized—salaries for a given position are666

constrained and therefore impersonal. While such constraints may prevent the667

existence of a competitive equilibrium, stable allocations are guaranteed to exist668

as long as contracts are substitutes for hospitals (Kamecke 1998; Hatfield and669

Kominers 2012). Bulow and Levin (2006) show the negative effects of impersonal670

salaries on workers. In this section, we show that our results are robust to the671

choice of solution concept.672

We adopt the definitions of Section 2 for the sets of doctors D, hospitals H, terms673

T , the vector of terms T , and hospitals’ capacities q, and consider valuations674

instead of preferences. For each doctor d ∈ D, let vd(x) ∈ R denote her valuation675

of contract x ∈ Xd ∪ {∅}, and let vD ≡ (vd)d∈D denote the profile of doctors’676

valuations. For each hospital h ∈ H, let vh(X) ∈ R denote its valuation over677

sets of contracts X ∈ 2Xh ∪ {∅}, and let vH ≡ (vh)h∈H denote the profile of678

hospitals’ valuations. We write vA ≡ (va)a∈D∪H for the agent-valuation profile,679

and v−a ≡ (va′)a′∈(D∪H)\{a} for the profile of all agents other than a. We normalize680

va(∅) = 0 for all a ∈ D ∪ H, and write vh(x) instead of vh({x}) when X = {x}.681

We assume that each hospital’s valuation is monotone, that is, for each hospital682

h ∈ H, X ⊂ Xh, and x ∈ Xh \ X, vh(X ∪ {x}) ≥ vh(X).27
683

Transfers between doctors and hospitals, interpreted as salaries, are fully flexible.684

For a contract x ∈ X in an allocation X, let sx ∈ R denote the salary paid by685

hospital xh to doctor xd. Since each doctor can be associated with at most one686

contract, we denote by s the vector of salaries. The salary associated with the687

null contract is normalized to zero, i.e., s∅ = 0.688

A problem with salaries is a tuple (D, H, T, q, vD, vH), denoted πs(T ) with D, H,689

q, vD, and vH fixed throughout. Let Πs be the set of all problems with salaries.28
690

The set of feasible allocations is denoted by F(πs(T )), and the set of sub-problems691

with salaries derived from πs(T ) by Π̃(πs(T )).692

Given an allocation X and a vector of salaries s, an allocation with salaries is693

27Under monotonicity, the gross substitutes condition is equivalent to the single improvement
property and to the no complementarities property (Gul and Stacchetti 1999), which are central
to the existence of equilibrium.

28See footnote 6 for the formulation.
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the pair (X, s). For such a pair, the utility of doctor d is given by ud(X, s) =694

vd(Xd)+sXd
, and the profit of hospital h is given by ph(X, s) = vh(Xh)−∑

x∈Xh
sx.695

The set of available contracts for doctor d in πs(T ) is Xd(πs(T )) ≡ {x ∈ Xd : xt ∈696

Txh
}, and the set of available contract sets for hospital h is Xh(πs(T )) ≡ {X ⊆697

Xh : |X| ≤ qh, |Xd| ≤ 1 for each d ∈ D, and xt ∈ Th for each x ∈ X}. Given698

a problem with salaries πs(T ) and a vector of salaries s, doctor d’s choice (cor-699

respondence) is Φd(s) ≡ arg maxX∈Xd(πs(T ))∪{∅} ud(X, s), and hospital h’s demand700

(correspondence) is Φh(s) ≡ arg maxX⊆Xh(πs(T ))∪{∅} ph(X, s).701

Definition 4. An allocation with salaries (X, s) is a competitive equilibrium if for702

each doctor d, Xd ∈ Φd(s), and for each hospital h, Xh ∈ Φh(s).29
703

Let E(πs(T )) denote the set of competitive equilibria for the problem with salaries704

πs(T ). We assume that hospitals’ demands satisfy the gross substitutes condition.705

Definition 5 (Kelso and Crawford 1982). The demand Φh satisfies the gross706

substitutes condition if, for any vectors of salaries s and s′, such that s′ ≥ s, and707

any X ∈ Φh(s), there exists X ′ ∈ Φh(s′) such that {x ∈ X : sx = s′
x} ⊆ X ′.708

When hospitals’ demands satisfy the gross substitutes condition, the set of com-709

petitive equilibria is non-empty.30 In particular, there exists a doctor-optimal com-710

petitive equilibrium, denoted (X̂, ŝ) for πs(T ) and (X̂ ′, ŝ′) for a sub-problem with711

salaries πs(T ′), in which each doctor attains her highest utility across all compet-712

itive equilibria. We assume throughout that the induced allocation is generically713

unique across competitive equilibria, so that all equilibria differ only through714

transfers. This property holds generically in assignment models (see, Shapley715

and Shubik 1971). Shapley and Shubik (1971) and Kelso and Crawford (1982)716

show that this allocation maximizes total surplus, defined for an allocation X as717 ∑
d∈D vd(Xd) + ∑

h∈H vh(Xh). The next example illustrates that adding contract718

terms can reduce doctors’ welfare at the doctor-optimal competitive equilibrium.719

29Each doctor’s choice maximizes her utility over all available contracts, including the null
contract, and each hospital’s demand maximizes its profit over all available sets of contracts,
including the null contract. Therefore, every competitive equilibrium yields weakly positive
utility for each doctor and weakly positive profit for each hospital.

30Gul and Stacchetti (1999) show that, when hospital demands satisfy the gross substitutes
condition, the strict core—as introduced by Kelso and Crawford (1982)—coincides with the set
of competitive equilibria.
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Example 5. Consider a problem with salaries where D = {d1, d2}, H = {h},720

and qh = 1. Terms represent shifts, with a night shift n and a morning shift m,721

giving T = {m, n}. The vectors of available terms are T ′ = (T ′
h) = ({n}) and722

T = (Th) = ({n, m}). Agents’ valuations are:723

Doctors:724

d1 : vd1((d1, h, n)) = −20, vd1((d1, h, m)) = −5,

d2 : vd2((d2, h, n)) = −20, vd2((d2, h, m)) = 10.

Hospital:725

h : vh((d1, h, n)) = 110, vh((d1, h, m)) = 100, vh((d2, h, n)) = 80, vh((d2, h, m)) = 70.

The doctor-optimal competitive equilibria for πs(T ′) and πs(T ) are given by726

X̂ ′ = {(d1, h, n),∅}, ŝ′ = (50, 0), X̂ = {(d1, h, m),∅}, ŝ = (20, 0).

Under (X̂ ′, ŝ′), doctors’ utilities are ud1(X̂ ′, ŝ′) = 30 and ud2(X̂ ′, ŝ′) = 0, whereas727

once the morning shift is available, they obtain ud1(X̂, ŝ) = 15 and ud2(X̂, ŝ) = 0.728

Although d1 assigns a higher value to the contract with the morning shift, her729

utility decreases by 15. To understand the source of this reduction, it is useful to730

compute the surplus generated by each feasible allocation. In πs(T ′), two contracts731

are involved in the feasible allocations:732

vd1((d1, h, n)) + vh((d1, h, n)) = 90, vd2((d2, h, n)) + vh((d2, h, n)) = 60.

Since d2 is willing to work whenever her utility is weakly positive and the compet-733

itive equilibrium maximizes total surplus, the equilibrium allocation generates a734

surplus of 90, of which the difference 90 − 60 = 30 accrues to d1. When the morn-735

ing shift becomes available, two additional contracts are involved in the feasible736

allocations:737

vd1((d1, h, m)) + vh((d1, h, m)) = 95, vd2((d2, h, m)) + vh((d2, h, m)) = 80.

By the same argument, the equilibrium allocation includes contract (d1, h, m).738

Since d2 is willing to work as long as her utility is weakly positive, the hospital739
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must obtain a profit of at least 80, reducing d1’s utility to 95 − 80 = 15. The740

introduction of additional terms thus intensifies competition by generating more741

attractive outside options for hospitals.742

Despite the similarity in welfare reductions, preventing them under competitive743

equilibrium requires restrictions on the surplus generated by newly feasible alloca-744

tions, rather than the preference conditions of Sections 4.1 and 4.2. Indeed, even745

when all agents’ valuations induce agent-lexicographic rankings—as in Example 5,746

where the hospital assigns strictly higher values to contracts with d1 than with747

d2 regardless of the shift—introducing additional terms may still reduce doctors’748

welfare.31 An analogous conclusion holds under polarized preferences. The valua-749

tions of contracts involving terms n and m induce a polarized ranking, since both750

doctors assign higher valuations to contracts with term m than to those with term751

n, while the hospital assigns higher valuations to contracts with term n. Term m752

is therefore more valuable for doctors, is introduced, and is used in equilibrium,753

while the set of doctors assigned to h remains unchanged, so that conditions754

analogous to those of Proposition 4 are satisfied, although d1 is worse off.755

The welfare reduction stems from the asymmetry in doctors’ marginal valua-756

tions of the new term. When the morning shift is introduced, vd1((d1, h, m)) −757

vd1((d1, h, n)) = 15 and vd2((d2, h, m))−vd2((d2, h, n)) = 30, whereas the hospital’s758

marginal valuation is identical across doctors, with vh((d1, h, m))−vh((d1, h, n)) =759

vh((d2, h, m)) − vh((d2, h, n)) = −10. Since d2 values the morning shift relatively760

more than d1 does, d2 becomes relatively more attractive when the new term is761

available, reducing d1’s utility.762

We say that an agent-valuation profile vA exhibits common marginal term valua-763

tions if, for each h ∈ H, any d, d′ ∈ D, and any t, t′ ∈ T ,764

vd((d, h, t)) − vd((d, h, t′)) = vd′((d′, h, t)) − vd′((d′, h, t′)),

and765

vh((d, h, t)) − vh((d, h, t′)) = vh((d′, h, t)) − vh((d′, h, t′)).
31Because hospitals’ valuations are monotone, each hospital weakly benefits from accepting

additional contracts. This allows the induced ordinal ranking to be defined analogously to
doctor-lexicographic preferences, together with the acceptance property.
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This condition requires that the marginal value of substituting one term for an-766

other be identical across all doctors at a given hospital, and symmetrically across767

all doctors from that hospital’s perspective. An agent a ∈ D ∪ H induces non-768

common marginal term valuations for hospital h if this condition is violated be-769

cause of va. Formally, if a ∈ D, there exist d′ ∈ D and t, t′ ∈ T such that770

va((a, h, t)) − va((a, h, t′)) ̸= vd′((d′, h, t)) − vd′((d′, h, t′)),

and if a ∈ H, there exist d, d′ ∈ D and t, t′ ∈ T such that771

va((d, a, t)) − va((d, a, t′)) ̸= va((d′, a, t)) − va((d′, a, t′)).

The agent-valuation profile of Example 5 violates this condition, as d1 and d2772

assign different marginal values to the morning shift relative to the night shift.773

To study the role of this condition in preventing welfare losses, we impose ad-774

ditive separability on hospitals’ valuations, that is, for each h ∈ H and each set775

of contracts X ∈ 2Xh ∪ {∅}, vh(X) = ∑
x∈X vh(x), which restricts how hospitals776

aggregate individual contract valuations and implies the gross substitutes con-777

dition.32 The next result identifies the maximal domain under which doctors’778

welfare is not reduced when additional terms are introduced, assuming hospitals’779

valuations are additively separable.780

Theorem 4. Let πs(T ) ∈ Πs be a problem with salaries such that, for each h ∈ H,781

vh is additively separable.782

(i) If vA exhibits common marginal term valuations, then for each πs(T ′) ∈783

Π̃(πs(T )), there is no doctor d ∈ D such that ud(X̂ ′, ŝ′) > ud(X̂, ŝ).784

(ii) Suppose there exists an agent a ∈ D∪H that induces non-common marginal785

term valuations for some hospital. Then there exist an agent-valuation pro-786

file v−a that exhibits common marginal term valuations and a sub-problem787

with salaries πs(T ′) ∈ Π̃(πs(T )) such that, for some doctor d ∈ D, ud(X̂ ′, ŝ′) >788

ud(X̂, ŝ).789

32This assumption follows Crawford and Knoer (1981) and is relevant for specialized markets
such as the labor market for gastroenterologists (Niederle and Roth 2003), or in situations in
which resources are relatively homogeneous, such as unskilled labor.
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In practice, common marginal term valuations are rarely satisfied, as they require790

all doctors to assign identical marginal values to any given term at a given hospital.791

When terms reflect heterogeneous personal circumstances—such as amenities or792

work schedules—doctors’ marginal valuations naturally differ. As a result, most793

markets are vulnerable to welfare losses when additional terms are introduced. We794

now show that the results established in Section 3 for stable allocations extend to795

competitive equilibria.796

Proposition 5. For any problem with salaries πs(T ) ∈ Πs,797

(i) Suppose that (X, s) ∈ E(πs(T )). For each πs(T ′) ∈ Π̃(πs(T )), if X ∈ F(πs(T ′)),798

then (X, s) ∈ E(πs(T ′)).799

(ii) For any πs(T ′), πs(T ′′) ∈ Π̃(πs(T )), it holds that E(πs(T ′)) ∩ E(πs(T ′′)) ⊆800

E(πs(T ′ ∪ T ′′)).801

Proposition 5 is the analogue of Theorem 1. Part (i) shows that a competitive802

equilibrium remains such in any sub-problem in which its associated allocation803

is feasible, while part (ii) establishes the relation between competitive equilibria804

of sub-problems with salaries and those of the original problem with salaries.805

Proposition 5(i) implies that if terms not used in the doctor-optimal competitive806

equilibrium allocation are withdrawn, then the allocation with salaries remains a807

competitive equilibrium. Moreover, since the competitive equilibrium allocation808

is unique, the allocation remains unchanged.809

Corollary 2. For any problem with salaries πs(T ) ∈ Πs, suppose there exists h ∈810

H such that at least one term of h is not used in the allocation with salaries (X̂, ŝ).811

Then, there exists T ′
h ⊂ Th such that πs(T ′

h, T−h) ∈ Π̃(πs(T )), with X̂ = X̂ ′, and812

ŝ′ ≥ ŝ.813

Corollary 2 implies that restricting the set of available terms can increase doctors’814

welfare under competitive equilibrium. As in the case of stable allocations, how-815

ever, withdrawing terms does not ensure that all doctors become strictly better816

off, and adding terms does not reduce the utility of every doctor.817

Proposition 6. For any problem with salaries πs(T ) ∈ Πs, there is no πs(T ′) ∈818

Π̃(πs(T )) such that for each d ∈ D, ud(X̂ ′, ŝ′) > ud(X̂, ŝ).819
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7 Conclusion820

This paper studies the impact of adding contract terms on doctors’ welfare at the821

doctor-optimal stable allocation. We show that adding terms can reduce doctors’822

welfare, whereas withdrawing terms that are not used either leads to a Pareto823

improvement or leaves the allocation unchanged. We identify agent-lexicographic824

preferences on all agents as a condition that is sufficient—and, in general, neces-825

sary—to prevent such welfare reductions. Since this condition is largely theoretical826

and rarely observed, almost all markets are vulnerable to welfare losses when new827

terms are introduced. Moreover, because this condition concerns agents’ prefer-828

ences on both sides of the market rather than a directly controllable institutional829

feature, it offers limited scope for policy intervention. Our simulations confirm830

this vulnerability, showing that market size and the distribution of preferences are831

key determinants. When competition among doctors is intense, as in the NRMP,832

adding terms produces roughly equal shares of doctors who are better or worse833

off. When terms induce polarized preferences, a non-negligible share of doctors834

experience welfare losses. These findings highlight the need for careful regulation835

in the design of terms offered by hospitals. Finally, we show that our results are836

robust to the choice of solution concept. When competitive equilibrium with flex-837

ible transfers is used as the solution concept, the same phenomenon arises, and838

we identify the corresponding similarities in the results obtained.839

Further research may investigate preference domains that limit welfare reductions840

while preserving realistic preference structures. Identifying such domains could841

provide guidance for the design of contract terms that improve agents’ welfare.842

Our analysis also motivates empirical work evaluating the welfare consequences843

of introducing additional terms in markets.844

A Additional Examples845

In this appendix, we present two additional examples that complement our main846

analysis. The first example considers salaries, similarly to Example 1, and illus-847

trates that by offering a higher salary, a hospital can retain the same doctors in848

employment but at a lower salary.849
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Example 6. Consider a problem where D = {d1, d2}, H = {h1, h2}, T = {90, 100, 110},850

and each hospital has a capacity of one. The vector of terms is given by T ′ =851

(T ′
h1 = {90, 100}, T ′

h2 = {100}) and let Th1 = {90, 100, 110}. Contracts are substi-852

tutes for hospitals, and preferences are given by:853

Doctors:854

d1 : (d1, h1, 110) ≻d1 (d1, h1, 100) ≻d1 (d1, h1, 90),

d2 : (d2, h1, 110) ≻d2 (d2, h2, 100).

Hospitals:855

h1 : (d1, h1, 90) ≻h1 (d2, h1, 110) ≻h1 (d1, h1, 100) ≻h1 (d1, h1, 110),

h2 : (d2, h2, 100).

The doctor-optimal stable allocations for π(T ′) and π(Th1 , T ′
−h1) are856

X
′ = {(d1, h1, 100), (d2, h2, 100)}, X = {(d1, h1, 90), (d2, h2, 100)}.

Although hospital h1 offers a higher salary, d1’s salary decreases to 90. In contrast857

to Example 1, the doctors remain employed at the same hospitals. The source858

of the welfare reduction is similar: by offering a higher salary, competition arises859

between d1 and d2, ultimately forcing d1 to accept a lower salary to secure a860

position at h1.861

The second example considers a setting in which hospitals must, in addition to862

offering the same terms to all doctors, employ them under identical conditions.863

This type of constraint is typically imposed in the context of working hours or864

salaries.865

Example 7. Consider a problem where D = {d1, d2, d3}, H = {h}, T = {t, t′},866

and qh = 2. The vectors of terms are given by T ′ = (T ′
h = {t′}) and T = (Th =867

{t, t′}). Contracts are substitutes for the hospital, and preferences are given by:868

Doctors:869

d1 : (d1, h, t′) ≻d1 (d1, h, t), d2 : (d2, h, t′) ≻d2 (d2, h, t), d3 : (d3, h, t) ≻d3 (d3, h, t′).
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Hospital:870

h : {(d1, h, t), (d2, h, t)} ≻h {(d1, h, t)} ≻h {(d2, h, t)} ≻h {(d3, h, t)} ≻h

{(d1, h, t′), (d2, h, t′)} ≻h {(d1, h, t′)} ≻h {(d2, h, t′)} ≻h {(d3, h, t′)}.

The doctor-optimal stable allocations for π(T ′) and π(T ) are871

X
′ = {(d1, h, t′), (d2, h, t′),∅}, X = {(d1, h, t), (d2, h, t),∅}.

Although doctors must be employed under the same terms, both d1 and d2 are872

worse off. Such a restriction, intended to reduce inequalities among workers, does873

not prevent a decrease in welfare.874

B Proofs875

B.1 Proof of Proposition 1876

Proof. For the first part of (i) in Proposition 1 and (ii), we use Example 1. We877

use strict preferences and stability for the second part of (i). There exists some878

d′ ∈ D′ such that X
′
d′ ≻d′ Xd′ . Suppose, for contradiction, that d′ is employed by879

h in X
′, that is, X

′
d′ = {(d′, h, t)}, and that X

′
h ≻h Xh or X

′
h = Xh. By strict880

preferences, X
′
h ̸= Xh because X

′
d′ ≻d′ Xd′ . Using the definition of stability, X

′
h881

cannot be preferred by h to Xh. If both d′ and h prefer X
′ to X, then X is not882

stable. Since contracts are substitutes for h, X
′
d′ ∈ Ch(X ′ ∪ X), it follows that883

X
′
d′ participates in an allocation that blocks X. Therefore, Xh ≻h X

′
h. ■884

B.2 Proof of Theorem 1885

Proof. (i) Consider an allocation X ∈ S(π(T )) such that X ∈ F(π(T ′)). Suppose,886

for contradiction, that X /∈ S(π(T ′)). Let X ′ denote an allocation that blocks X887

in π(T ′) with X ̸= X ′ and X ′ ∈ F(π(T ′)), by definition of the choice functions. By888

construction of T ′, we know that X ′ ∈ F(π(T )) and that contracts are substitutes889

for hospitals. Since X ′ blocks X in π(T ′), X ′ also blocks X in π(T ) because there890
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is no x such that x /∈ Ch(X ′) and x ∈ Ch(X ′ ∪X) for some h. Then, X /∈ S(π(T )),891

leading to a contradiction.892

Before proving (ii), we introduce Lemma 2. If an allocation ceases to be stable893

after the introduction of additional terms, then some of these newly introduced894

terms must be used in an allocation that blocks the original stable allocation.895

Lemma 2. Consider π(T ) ∈ Π and π(T ′) ∈ Π̃(π(T )), and suppose there exists896

X ′ ∈ S(π(T ′)) and X ′ /∈ S(π(T )). Then there exist h ∈ H, t ∈ Th \T ′
h, and x ∈ X897

with xh = h and xt = t, such that x ≻xd
X ′

xd
and Xh ≻h X ′

h.898

Proof. Consider the definition of stability, the construction of π(T ) and π(T ′), and899

that contracts are substitutes for hospitals. Let X be an allocation that blocks X ′
900

in π(T ). Suppose, for contradiction, that for each contract x ∈ X, xt ∈ T ′
xh

. Since901

contracts are substitutes for hospitals, X = Ch(X ′∪X) ⊆ CD(X ′∪X) for some h ∈902

H. But then X ′ would be blocked in π(T ′), contradicting its stability. Therefore,903

there must exist at least one contract x ∈ X using a term t ∈ Txh
\ T ′

xh
. ■904

(ii) Suppose, for contradiction, that there exists X ′ ∈ S(π(T ′)) ∩ S(π(T ′′)) and905

X ′ /∈ S(π(T ′ ∪ T ′′)). By Lemma 2, there exists X ∈ F(π(T ′ ∪ T ′′)) with X /∈906

(F(π(T ′)) ∪ F(π(T ′′))) that blocks X ′, since otherwise, X ′ would not be stable in907

π(T ′) and π(T ′′). We show that X cannot involve terms from both T ′ \ T ′′ and908

T ′′ \T ′. Suppose there exist x′, x′′ ∈ X such that x′
t ∈ T ′

x′
h
\T ′′

x′
h

and x′′
t ∈ T ′′

x′′
h

\T ′
x′′

h
.909

Since contracts are substitutes for hospitals, if x′ ∈ Cx′
h
(X ′

x′
h

∪ {x′, x′′}), then910

substitutability implies x′ ∈ Cx′
h
(X ′

x′
h

∪ {x′}), contradicting the stability of X ′
911

in π(T ′). Similarly, if x′′ ∈ Cx′′
h
(X ′

x′′
h

∪ {x′′, x′}), then x′′ ∈ Cx′′
h
(X ′

x′′
h

∪ {x′′}),912

contradicting the stability of X ′ in π(T ′′). Hence, X ′ ∈ S(π(T ′ ∪ T ′′)). ■913

B.3 Proof of Theorem 2914

Proof. Suppose that every hospital choice function satisfies the law of aggregate915

demand for the problem π(T ), and that X
′
d ≻d Xd for every d ∈ D, where916

π(T ′) ∈ Π̃(π(T )). By Corollary 1 of Hatfield and Kojima (2009), there exists no917

allocation X ∈ F(π(T )) such that X ≻h ∅ for every h ∈ H and for every d ∈ D,918

Xd ≻d Xd. The contradiction is immediate, since by construction of T ′, it follows919

that X
′ ∈ F(π(T )) and X

′ ≻h ∅ for every h ∈ H as X
′ ∈ S(π(T ′)). ■920
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B.4 Proof of Theorem 3921

Proof. By the definition of agent-lexicographic preferences, if a hospital h does not922

have doctor-lexicographic preferences, then |Th| ≥ 2 and |D| ≥ 2. We may restrict923

attention to the case with exactly two doctors, d1 and d2, and a single hospital924

h with qh = 1, assuming that all other doctors strictly prefer the null contract925

∅ to any contract. Similarly, if a doctor d does not have hospital-lexicographic926

preferences, there exists at least one hospital h with |Th| ≥ 2 and |H| ≥ 2. We927

may restrict attention to the case with exactly two doctors, d1 and d2, and two928

hospitals, h1 and h2, with qh1 = qh2 = 1, assuming that all other doctors strictly929

prefer the null contract ∅ to any contract.930

(i) Suppose ≻h are not doctor-lexicographic, and there exist some x, x′, y, y′ ∈ X ,931

with x = (d1, h, t), x′ = (d1, h, t′), y = (d2, h, t) and y′ = (d2, h, t′). We consider932

four cases:933

Case (i)-1: ≻h: {x} ≻h {y} ≻h {x′} ≻h {y′}. Consider ≻d1 : x′ ≻d1 x ≻d1 ∅ and934

≻d2 : y ≻d2 y′ ≻d2 ∅. Let Th = {t, t′} and T ′
h = {t′}. Since Ch({x′, y′}) = {x′}, it935

follows that X
′
d1 = {x′}. In contrast, Ch({x′, y}) = {y} and Ch({x′, y, x}) = {x},936

we have that Xd1 = {x}. Therefore, X
′
d1 ≻d1 Xd1 .937

Case (i)-2: ≻h: {x′} ≻h {y} ≻h {x} ≻h {y′}. Consider ≻d1 : x ≻d1 x′ ≻d1 ∅ and938

≻d2 : y ≻d2 y′ ≻d2 ∅. Let Th = {t, t′} and T ′
h = {t}. Since Ch({x, y}) = {y}, it939

follows that X
′
d2 = {y}. In contrast, Ch({x, y}) = {y} and Ch({x′, y, x}) = {x′},940

we have that Xd2 = {∅}. Therefore, X
′
d2 ≻d2 Xd2 .941

Case (i)-3: ≻h: {x} ≻h {y} ≻h {y′} ≻h {x′}. Consider ≻d1 : x ≻d1 x′ ≻d1 ∅ and942

≻d2 : y′ ≻d2 y ≻d2 ∅. Let Th = {t, t′} and T ′
h = {t′}. Since Ch({x′, y′}) = {y′}, it943

follows that X
′
d2 = {y′}. In contrast, Ch({x, y′}) = {x} and Ch({x, y, y′}) = {x},944

we have that Xd2 = {∅}. Therefore, X
′
d2 ≻d2 Xd2 .945

Case (i)-4: ≻h: {x} ≻h {y′} ≻h {y} ≻h {x′}. Consider ≻d1 : x ≻d1 x′ ≻d1 ∅ and946

≻d2 : y′ ≻d2 y ≻d2 ∅. Let Th = {t, t′} and T ′
h = {t′}. Since Ch({x′, y′}) = {y′}, it947

follows that X
′
d2 = {y′}. In contrast, Ch({x, y′}) = {x} and Ch({x, y, y′}) = {x},948

we have that Xd2 = {∅}. Therefore, X
′
d2 ≻d2 Xd2 .949

(ii) Suppose ≻d1 are not hospital-lexicographic, this implies that there exist h1, h2 ∈950

H, with h1 ̸= h2. Further, suppose that there exist some x1, x′
1, x2, y1, y′

1, y2 ∈951

X , with x1 = (d1, h1, t), x′
1 = (d1, h1, t′), x2 = (d1, h2, t), y1 = (d2, h1, t), y′

1 =952
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(d2, h1, t′) and y2 = (d2, h2, t). We consider two cases:953

Case (ii)-1: ≻d1 : x1 ≻d1 x2 ≻d1 x′
1 ≻d1 ∅. Consider ≻d2 : y′

1 ≻d2 y1 ≻d2 y2 ≻d2 ∅,954

≻h1 : {x1} ≻h1 {x′
1} ≻h1 {y1} ≻h1 {y′

1}, and h2, that finds all contracts involving955

it acceptable. Let Th1 = {t, t′} and T ′
h1 = {t′}. Since Ch1({y′

1}) = {y′
1}, it follows956

that X
′
d2 = {y′

1}. In contrast, Ch1({x1, y′
1}) = {x1} and Ch1({x1, y1, y′

1}) = {x1},957

we have that Xd2 = {y2}. Therefore, X
′
d2 ≻d2 Xd2 .958

Case (ii)-2: ≻d1 : x′
1 ≻d1 x2 ≻d1 x1 ≻d1 ∅. Consider ≻d2 : y′

1 ≻d2 y1 ≻d2 y2 ≻d2 ∅,959

≻h1 : {x1} ≻h1 {x′
1} ≻h1 {y1} ≻h1 {y′

1}, and h2, that finds all contracts involving960

it acceptable. Let Th1 = {t, t′} and T ′
h1 = {t}. Since Ch1({y1}) = {y1}, it follows961

that X
′
d2 = {y1}. In contrast, Ch1({x′

1, y′
1}) = {x′

1} and Ch1({x′
1, y1, y′

1}) = {x′
1},962

we have that Xd2 = {y2}. Therefore, X
′
d2 ≻d2 Xd2 .963

By relabeling doctors, hospitals and terms, all symmetric cases follow by the same964

argument and are omitted. This concludes the proof. ■965

B.5 Proof of Proposition 2966

We use the construction of the COP to prove Proposition 2. For each a ∈ D ∪ H,967

let Ra(X) ≡ X − Ca(X) denote the set of contracts rejected by a from X.968

Cumulative Offer Process.969

Step 0. Consider problem π(T ). For each d ∈ D, let Xd(0) ≡ {x ∈ Xd : xt ∈970

Txh
} ∪ {∅} be the set of contracts available for d.971

Step k ≥ 1. Each d ∈ D chooses a contract from Xd(k − 1) using Cd(·). Let972

Xd(k) ≡ Cd(Xd(k − 1)) be the chosen contract. Let X(k) ≡ ⋃
d∈D Cd(Xd(k − 1))973

be the set of all chosen contracts. Each doctor d proposes to hospital Xd(k)h974

contract Xd(k). For each h ∈ H, let Xh(k) ≡ {Xd(k) ∈ X(k) : Xd(k)h = h}975

be the set of contracts proposed to h. Each hospital h chooses contracts from976

Xh(k) according to Ch(·) and rejects the remaining contracts, denoted Rh(k). If977

Rh(k) = ∅ for all h ∈ H, the procedure terminates. Otherwise, for each d ∈ D,978

with Xd(k) ∈ R(k), we let Xd(k) ≡ Xd(k − 1) \ {Xd(k)} and for each d ∈ D such979

that Xd(k) /∈ R(k), we let Xd(k) ≡ Xd(k − 1), and proceed to Step k+1.980

The algorithm continues until Step k∗, where Rh(k∗) = ∅ for all h ∈ H. The981

final allocation is the doctor-optimal stable allocation X for the problem π(T ).982

Since there are finitely many doctors, hospitals, and possible contracts for each983
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doctor-hospital pair, the COP terminates in a finite number of steps.984

Proof. Consider T and T ′ such that for each h′ ∈ H \ {h}, Th′ = T ′
h′ and T ′

h ⊂ Th,985

with all hospitals having doctor-lexicographic preferences.986

(i) Suppose, for contradiction, that D(Xh) = D(X ′
h) and there exists d ∈ D such987

that X
′
d ≻d Xd. We have two cases:988

Case (i)-1: d is employed by h in both X and X
′. Since h’s choice function is989

acceptant, it follows that during the COP, X
′
d is rejected by h. Because contracts990

are substitutes for h, there exists a contract x whose proposal to h causes X
′
d to991

be rejected. Since only the ranking over contracts is relevant for this comparison,992

it then follows that {x} ≻h X
′
d. By construction of the COP, doctor d does not993

propose any other contract until X
′
d is rejected, so xd ̸= d. Since D(Xh) = D(X ′

h),994

at a later step of the COP, Xd is chosen by h. It follows that h does not prefer995

x to Xd, and thus Xd ≻h {x}. Since h’s preferences are strict we have Xd ≻h996

{x} ≻h X
′
d, which contradicts that h’s preferences are doctor-lexicographic.997

Case (i)-2: d is not employed by h in X and X
′. Let h′ denote the hospital998

employing d in X
′. Since X

′
d ≻d Xd, there exists an allocation X ̸= Ch′(X ′) such999

that X = Ch′(X ′ ∪ X) ⊆ CD(X ′ ∪ X), i.e., X blocks X
′. However, Th′ = T ′

h′ , so1000

X is also feasible in π(T ′), that is, X ∈ F(π(T ′)). This implies that X
′ is not1001

stable in π(T ′), which is a contradiction.1002

(ii) Suppose for contradiction that t ∈ Th \ T ′
h is used and there is no doctor d1003

such that Xd ≻d X
′
d. Consider x ∈ X with xh = h, xt = t and xd = d. Since1004

xh = h, d is hired by h under X, that is, d ∈ D(Xh), we distinguish two cases:1005

Case (ii)-1: d is employed by h under X
′. Since h has doctor-lexicographic1006

preferences and xh = h, at the doctor-optimal stable allocation d chooses her1007

most preferred contract among those whose terms are available at h, that is, the1008

contract x′ ∈ Xd ∩ Xh and x′
t ∈ Th. By construction of Th, the term used in X

′
d1009

is available at h. Moreover, because the choice function of h is acceptant, this1010

contract is not rejected by h, and thus x′ = x. Since preferences are strict and the1011

term used differs, it follows that Xd ̸= X
′
d and Xd ⪰d X

′
d, yielding Xd ≻d X

′
d.1012

Case (ii)-2: d is not employed by h under X
′. Let h′ denote the hospital employ-1013

ing d in X
′. Since additional terms are introduced only at h, we have T ′

h′ = Th′ ,1014

and X
′
d uses a term available at h′. Because contracts are substitutes for h′ and1015
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the choice function of h′ is acceptant, if d proposes X
′
d to h′, in the COP, it will1016

not be rejected. It follows that Xd ̸= X
′
d and Xd ⪰d X

′
d, yielding Xd ≻d X

′
d.1017

These two contradictions conclude the proof. ■1018

B.6 Proof of Proposition 31019

Proof. Let π(T ) ∈ Π be a problem such that doctors’ and hospitals’ preferences are1020

polarized. Consider a sub-problem π(T ′
h, T−h) ∈ Π̃(π(T )) such that each t ∈ Th\T ′

h1021

is preferred by doctors to any t′ ∈ T ′
h, and suppose that for each d′ /∈ D(X ′

h),1022

either there exists t′ ∈ T ′
h such that (d′, h, t′) ≻d′ X

′
d′ , or X

′
d′ ≻d′ (d′, h, t) for all1023

t ∈ Th \ T ′
h. We show that X

′ is stable in π(T ).1024

Consider any hospital h′ ∈ H \ {h}. A blocking set involving h′ would require the1025

existence of a set of contracts X such that X ∈ Ch′(X ′
h′ ∪X) and X = Cd(X ′

d ∪X)1026

with X
′
d ̸= X for some d ∈ D. Since Th′ = T ′

h′ and X
′ ∈ S(π(T ′

h, T−h)), it1027

follows that no such X exists. We now consider hospital h. Any blocking set1028

involving h must include at least one contract (d, h, t) with t ∈ Th \ T ′
h. For1029

any such contract, polarization implies that each d ∈ D(X ′
h), (d, h, t) ≻d X

′
d and1030

X
′
d ≻h {(d, h, t)}. Hence, such contracts cannot be jointly selected by both Ch and1031

Cd when added to X
′. Finally, consider any d′ /∈ D(X ′

h). If there exists t′ ∈ T ′
h1032

such that (d′, h, t′) ≻d′ X
′
d′ , then for each d ∈ D(X ′

h), X
′
d ≻h {(d′, h, t′)}, and1033

by polarization it follows that X
′
d ≻h {(d′, h, t)} for each t ∈ Th \ T ′

h. Otherwise,1034

if for each t ∈ Th \ T ′
h, X

′
d′ ≻d′ {(d′, h, t)}, then d′ does not select any contract1035

involving h. In both cases, no contract involving d′ and h can belong to any set1036

X such that X ∈ Ch(X ′
h ∪ X) and X = Cd′(X ′

d′ ∪ X). Therefore, X
′ ∈ S(π(T )),1037

and thus for each d ∈ D, X ⪰d X
′. ■1038

B.7 Proof of Theorem 41039

Proof. Consider a problem with salaries (D, H, T, q, vD, vH) such that each hospi-1040

tal h ∈ H has an additively separable valuation function.1041

(i) Suppose that vA exhibits common marginal term valuations. Construct an1042

equivalent unit-capacity problem with salaries by replacing each hospital h ∈ H1043

with qh copies h∗ ≡ {h1, . . . , hqh
}, each inheriting h’s valuation function, that1044

is, vη(x) = vh(x), with qη = 1, Tη = Th, and T ′
η = T ′

h for each η ∈ h∗. Let1045
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H∗ ≡ ⋃
h∈H h∗. Doctors evaluate contracts with any copy η exactly as with h.1046

The original problem with salaries and the transformed unit-capacity problem1047

with salaries (D, H∗, T, q∗, vD, vH∗) yield the same profits and salaries.1048

Let πs(T ′) ∈ Π̃(πs(T )). We use the classical dual characterization together with1049

surplus maximization of competitive equilibrium allocations (Shapley and Shubik1050

1971). In particular, X̂ ′ maximizes surplus in πs(T ′). Under common marginal1051

term valuations, any t ∈ Tη \ T ′
η changes the surplus of pair (d, η) by the same1052

amount for all d ∈ D, so that the surplus-maximizing assignment of doctors1053

to hospital copies is identical in πs(T ) and πs(T ′). Hence, for each η ∈ H∗,1054

D(X̂ ′
η) = D(X̂η). Let dη be the doctor assigned to η in X̂ ′, that is, D(X̂ ′

η) = {dη}1055

and the surplus-maximizing term in πs(T ) is t∗
η ∈ arg maxt∈Tη{vη((dη, η, t)) +1056

vdη((dη, η, t))}. For each doctor d ∈ D, define ud ≡ ud(X̂ ′, ŝ′), and for each η ∈ H∗,1057

let pη ≡ maxt′∈T ′
η

vη((dη, η, t′)) + vdη((dη, η, t′)) − udη}. Let uD ≡ (ud)d∈D and1058

pH∗ ≡ (pη)η∈H∗ . We show that (uD, pH∗) satisfies the dual feasibility constraints1059

for πs(T ), that is, for all d ∈ D, η ∈ H∗ and t ∈ Tη,1060

ud + pη ≥ vd(d, η, t) + vh(d, η, t). (1)

By common marginal term valuations, for all d ∈ D and t ∈ Tη,1061

vη((d, η, t)) + vd((d, η, t)) − vη((dη, η, t)) − vdη((dη, η, t)) =

vη((d, η, t∗
η)) + vd((d, η, t∗

η)) − vη((dη, η, t∗
η)) − vdη((dη, η, t∗

η)).

By definition of t∗
η, the right-hand side is non-positive, so1062

vη((d, η, t)) + vd((d, η, t)) ≤ vη((d, η, t∗
η)) + vd((d, η, t∗

η)),

for all d ∈ D. It thus suffices to verify (1) at t = t∗
η. If t∗

η ∈ T ′
η, this follows from1063

the dual characterization of (X̂ ′, ŝ′) in πs(T ′) combined with pη ≥ pη(X̂ ′, ŝ′). If1064

t∗
η ∈ Tη \ T ′

η, fix any t0 ∈ T ′
η. By commonality,1065

vη((d, η, t∗
η)) + vd((d, η, t∗

η)) − vη((d, η, t0)) − vd((d, η, t0)) =

vη((dη, η, t∗
η)) + vdη((dη, η, t∗

η)) − vη((dη, η, t0)) − vdη((dη, η, t0)).
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Since (X̂ ′, ŝ′) satisfies the dual constraints at t0 ∈ T ′
η, inequality (1) at t∗

η follows1066

from the definition of pη. Finally, since ud ≥ 0 and pη ≥ 0, the dual characteriza-1067

tion implies ud(X̂, ŝ) ≥ ud = ud(X̂ ′, ŝ′) for each d ∈ D.1068

(ii) Suppose there exists an agent a ∈ D ∪ H that induces non-common marginal1069

term valuations for some hospital h. We consider the simplest environment ex-1070

hibiting the phenomenon: two doctors d1, d2, one hospital h with capacity qh = 1,1071

and two terms t, t′. All other doctors and hospitals assign strictly negative val-1072

uations to every contract and are thus assigned with the null contract ∅. Let1073

x = (d1, h, t), x′ = (d1, h, t′), y = (d2, h, t) and y′ = (d2, h, t′).1074

Case 1: a = d1. Then vd1(x) − vd1(x′) ̸= vd2(y) − vd2(y′). Without loss of1075

generality, suppose vd1(x) − vd1(x′) > vd2(y) − vd2(y′). Let T ′
h = {t′} and Th =1076

{t, t′} and consider a valuation profile ṽA with ṽd1 = vd1 and ṽd2(y′) + ṽh(y′) >1077

ṽd2(y) + ṽh(y) > 0 together with1078

ṽd2(y′) + ṽh(y′) > ṽd1(x) + ṽh(x) > ṽd1(x′) + ṽh(x′) > 0. (2)

Since (D∪H)\{d1} = {d2, h}, the profile v−d1 naturally exhibits common marginal1079

term valuations. Such a profile exists because vd1(x) − vd1(x′) > vd2(y) − vd2(y′),1080

which allows the surpluses in (2) to be ordered as required. The doctor-optimal1081

competitive equilibria are (X̂ ′, ŝ′) and (X̂, ŝ) with X̂ ′ = X̂ = {y′,∅} and corre-1082

sponding vectors of salaries1083

ŝ′ =
(
0, ṽd2(y′)+ṽh(y′)−(ṽd1(x′)+ṽh(x′))

)
, ŝ =

(
0, ṽd2(y′)+ṽh(y′)−(ṽd1(x)+ṽh(x))

)
.

The strict inequality in (2) implies ud2(X̂ ′, ŝ′) > ud2(X̂, ŝ).1084

Case 2: a = h. Then vh(x) − vh(x′) ̸= vh(y) − vh(y′). Without loss of generality,1085

suppose vh(x) − vh(x′) > vh(y) − vh(y′). Let T ′
h = {t′} and Th = {t, t′} and1086

consider a valuation profile ṽA with ṽh = vh and doctors’ valuations chosen such1087

that ṽd1(x)−ṽd1(x′) = ṽd2(y)−ṽd2(y′), so that v−h exhibits common marginal term1088

valuations, and the inequalities in (2) hold. Such a profile exists because vh(x) −1089

vh(x′) > vh(y) − vh(y′) generates the required ordering of surpluses. The resulting1090

equilibria coincide with those in Case 1, and again ud2(X̂ ′, ŝ′) > ud2(X̂, ŝ).1091

By relabeling doctors and terms, all symmetric cases follow by the same argument1092
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and are omitted. ■1093

B.8 Proof of Proposition 51094

Proof. (i) Consider an allocation with salaries (X, s) ∈ E(πs(T )) such that X ∈1095

F(πs(T ′)). Suppose, for contradiction, that (X, s) /∈ E(πs(T ′)). Since (X, s) ∈1096

E(πs(T )), we know that X maximizes total surplus. Hence, because X ∈ F(πs(T ′))1097

and T ′ ⊂ T , it follows that in every competitive equilibrium in E(πs(T ′)), the al-1098

location must be X (Shapley and Shubik 1971). It remains to show that the1099

vector of salaries s, together with X, constitutes a competitive equilibrium in1100

E(πs(T ′)). Since (X, s) ∈ E(πs(T )), there does not exist any feasible allocation1101

Y ∈ F(πs(T ′)), and a vector of salaries s′ such that Yh ∈ Φh(s′) and Yd ∈ Φd(s′)1102

for each d ∈ D(Yh), with ph(Y, s′) > ph(X, s) or ud(Y, s′) > ud(X, s), for some1103

d ∈ D(Yh). Therefore, such an allocation and vector of salaries cannot exist in1104

πs(T ′) either. Moreover, since (X, s) is a competitive equilibrium, no doctor d1105

satisfies ud(∅, s∅) > ud(X, s), and no hospital h satisfies ph(∅, s∅) > ph(X, s).1106

Hence, (X, s) ∈ E(πs(T ′)).1107

(ii) Suppose, for contradiction, that there exists (X, s) ∈ E(πs(T ′)) ∩ E(πs(T ′′))1108

and (X, s) /∈ E(πs(T ′ ∪ T ′′)). We first show that X remains the allocation used in1109

a competitive equilibrium of πs(T ′ ∪ T ′′). For each doctor d ∈ D, because (X, s)1110

is a competitive equilibrium in both πs(T ′) and πs(T ′′), we have Xd ∈ Φd(s) in1111

each sub-problem. It follows immediately that Xd ∈ Φd(s) in πs(T ′ ∪ T ′′), since1112

any contract available to doctor d in πs(T ′ ∪ T ′′) is already available in one of1113

the two sub-problems. Similarly, for each hospital h ∈ H, since Xh ∈ Φh(s)1114

in both πs(T ′) and πs(T ′′), and hospital demand satisfies the gross substitutes1115

condition, enlarging the sets of terms offered by hospitals from T ′ and T ′′ to1116

T ′ ∪ T ′′ while keeping salaries fixed does not render any contract in Xh to cease1117

to be demanded. Hence, Xh ∈ Φh(s) in πs(T ′ ∪ T ′′). Using the same reasoning as1118

in part (i), there does not exist any feasible allocation Y ∈ F(πs(T ′ ∪ T ′′)), and a1119

vector of salaries s′ such that Yh ∈ Φh(s′) and Yd ∈ Φd(s′) for each d ∈ D(Yh), with1120

ph(Y, s′) > ph(X, s) or ud(Y, s′) > ud(X, s), for some d ∈ D(Yh). Moreover, since1121

(X, s) is a competitive equilibrium, no doctor d satisfies ud(∅, s∅) > ud(X, s), and1122

no hospital h satisfies ph(∅, s∅) > ph(X, s). Hence, (X, s) ∈ E(πs(T ′ ∪ T ′′)). ■1123
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B.9 Proof of Proposition 61124

Proof. Consider a problem with salaries πs(T ), and suppose there exists T ′ ⊂ T1125

such that ud(X̂ ′, ŝ′) > ud(X̂, ŝ) for each d ∈ D. Since (X̂, ŝ) is a competitive1126

equilibrium, for each d ∈ D, ud(X̂ ′, ŝ′) > 0. This implies that for each d ∈ D,1127

X̂ ′
d ̸= {∅}, and therefore |D| ≤ ∑

h∈H qh. The following lemma establishes that in1128

this case, at least one hospital earns zero profit at the doctor-optimal competitive1129

equilibrium.1130

Lemma 3. For any problem with salaries πs(T ) ∈ Πs, if |D| ≤ ∑
h∈H qh, then1131

there exists at least one hospital h ∈ H such that ph(X̂, ŝ) = 0.1132

Proof. Suppose, for contradiction, that ph(X̂, ŝ) > 0 for every h ∈ H. Then there1133

exists ε > 0 sufficiently small such that ph(X̂, ŝ) ≥ ε for every h ∈ H. Since1134

revenue functions are semicontinuous and utility functions are continuous, and1135

hospitals’ demands satisfy the gross substitutes condition, the set of competitive1136

equilibrium utility vectors forms a lattice (Kelso and Crawford 1982). We can1137

define a vector of salaries sε > ŝ such that ∑
x∈X̂(sε

x − ŝx) ≤ ε. It follows that1138

ud(X̂, ŝε) ≥ ud(X̂, ŝ) for every d ∈ D, with strict inequality for at least one1139

doctor, since sε > ŝ. Moreover, since the total salary increase under X̂ is at1140

most ε, it follows that ph(X̂, sε) ≥ 0 for every h ∈ H. By continuity of utility1141

functions and semicontinuity of revenue functions, it follows that X̂a ∈ Φa(sε) for1142

every a ∈ D ∪ H. Hence, (X̂, sε) is a competitive equilibrium. Since at least1143

one component of sε is strictly greater than the corresponding component of ŝ,1144

at least one doctor is strictly better off under (X̂, sε), while every other doctor is1145

weakly better off. This contradicts the doctor-optimality of (X̂, ŝ). ■1146

Therefore, there must exist at least one hospital h′ with ph(X̂ ′
h, ŝ′) = 0. In (X̂ ′, ŝ′),1147

let d′ denote a doctor employed by h′ such that ud′(X̂ ′, ŝ′) = vh′(X̂ ′) − vh(X̂ ′ \1148

X̂ ′
d′) + vd′(X̂ ′

d′), that is d′ obtains the entire surplus generated by X̂d′ . Since1149

X̂ ′ ∈ F(πs(T )), either d′ remains employed by h′ in X̂, in which case the max-1150

imization of total surplus implies ud′(X̂, ŝ) ≥ ud′(X̂ ′, ŝ′), or d′ is employed by1151

another hospital in X̂, and ud′(X̂, ŝ) ≥ ud′(X̂ ′, ŝ′). In both cases, we obtain a1152

contradiction. ■1153
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